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PREFACE 


In this book authors study the new notion of the algebraic 
structure of the subset semirings using the subsets of rings or 
semirings. This study is innovative and interesting for the 
authors feel giving algebraic structure to collection of sets is not 
a new study, for when set theory was introduced such study was 
in vogue. But a systematic development of constructing 
algebraic structures using subsets of a set is absent, except for 
the set topology and in the construction of Boolean algebras. 

The authors have explored the study of constructing subset 
algebraic structures like semigroups, groupoids, semirings, non 
commutative topological spaces, non associative topological 
spaces, semivector spaces and semilinear algebras. 

We have constructed semirings using rings of both finite 
and infinite order. Thus using finite rings we are in a position to 
construct infinite number of finite semirings both commutative 
as well as non commutative. 

It is important to keep on record we have mainly 
distributive lattices of finite order which contribute for finite 
semirings. However this new algebraic structure helps to give 
several finite semirings. This is the advantage of using this new 
algebraic structure. 


We call those subset semirings constructed using rings as 
subset semirings of type I and when we use semirings in the 
place of rings we call those subset semirings as subset semirings 
of type II. 

Several interesting properties about substructures and 
special elements are studied and discussed in this book. We 
have subset zero divisors, subset idempotents and subset 
nilpotents. 

We further state these structures find their applications in 
those places where semirings and lattices find their applications. 

We thank Dr. K.Kandasamy for proof reading and being 
extremely supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


In this chapter we introduce only the basic concepts used in this 
book. In most cases we only give references of them. 


We use only distributive lattices for finite semirings. For 
more about distributive lattices please refer [1]. 


The notion of semirings and Smarandache semirings can be 
had from [14]. We use the concept of subset semiring. These 
concepts are very recently introduced in [25-6]. 


Study of subsets of any algebraic structure and inducing the 
same operation on these subsets can maximum give a semiring 
in case of algebraic structures with two binary operations and 
semigroup in case of algebraic structures with one binary 
operation. We take in this book, only algebraic structures with 
operations which are associative. 


Here we study only subset semirings, which are the subsets 
either from a ring or a semiring. Define these subset semirings 
as type I (when a ring is used) and subset semirings as type II 
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when a semiring is used. We give many examples to describe 
various properties enjoyed by these new algebraic structures. 


Further we also introduce the notion of subset zero divisors, 
subset units, subset idempotents and subset nilpotents. 


We also describe the Smarandache analogue. In this book 
we study the substructure of the subset semirings and the 
Smarandache analogue. 


Finally we study the subset set semiring ideals of these 
subset semirings. On every subset semiring we can define four 
topologies on S, T,, T;, TU and T,. The cardinality of T, and TU 
are the same as that of S and that of T, and T, have one element 
more in S. 


That is o(T;) = o(TV) = 0(S) and o(T,) = 0(T,) = 0(S) + 1. 


We also see in case S is finite the notion of tree can be 
defined for T,, T,, TU and T,. These trees can find applications 
in computer science. 


We introduce the notion of special set ideal semiring 
topological subset semiring spaces over a subsemiring P); we 


have T", T", T® and Ty to be the four new types of 
topological spaces. 


We see using W,; = {Collection of all subsets from the 
subsemiring P,} < S, the subset subsemiring of S. T’, T”', 


T™ and T,” are the special strong new set semiring ideal 


topological subset semiring spaces defined over the subset 
subsemiring W, of S. 


In case S is finite we have with these four types of trees 
associated with the topological spaces of finite order. Interested 
reader can find applications of these trees. 


Chapter Two 


SUBSET SEMIRINGS OF TYPE | 


In this chapter we for the first time introduce the notion of 
subset semirings of type I using rings. This study is both 
innovative and interesting. We see we cannot get using subsets 
of a ring, a subset ring, the maximum structure we can get is 
only a subset semiring which we call as type I subset semiring. 
We study subset zero divisors, subset idempotents, subset ideals 
and subset subsemirings of these subset semirings. 


We recall the definition of this concept in the following: 


DEFINITION 2.1: Let R be a ring. 

S = {Collection of all subsets of a ring}. S under the operations 
of R is a semiring known as the subset semiring of type I of the 
ring R. 


We will give a few examples. 
Example 2.1: Let S = {Collection of all subsets of the ring Z,} 


be the subset semiring of the ring Z,. The operations on S are 
performed as follows: 
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For A = {2, 3, 0} and B= {1, 0, 2} inS. 


We see 


A+B = {2, 3, 0} + {1, 0, 2} 


{2+1,2+0,2+2,3+1,3+0,3+2, 
0+1,0,0+2} 


= 13.9.0, 12'S: 
AxB = {2, 3,0} x {1, 0, 2} 


= {2x1,2x0,2x2,3x0,3x 1,3 x2, 
0x 1,0x0,0x 2} 


= {2,0,3} €S. 


Thus (S, +, x) is only subset semiring and not a ring for 
every A we do not have —A such that A + (-A) = {0}. 


For take A = {0, 2, 1} and —A = {0, 2, 3} € S; 
but 


A+(-A) = {0,2,1}+ {0, 2, 3} 


= {0+0,2+0,1+0,0+2,2+2,1+42, 
0+3,2+3,1+3} 


= {0, 2, 1,3} # {0}. 


Hence S can only be a subset semiring. By this method we 
get infinite collection of finite semirings. 


Clearly S is not a subst semifield for we have A € S with 
A+A= {0}. 
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For take A = {2} € S we see 


A+A = {2}4+ {2} 
= {2+2}={O} eS. 


AxA = {2} x {2} = {2x2}= {0} €S. 
Thus S has zero divisors. 


Hence this S cannot be a subset strict semiring, however S 
is a commutative subset semiring. 


Example 2.2: Let 
S = {Collection of all subsets from the field Z7} be the subset 
semiring of Z7. S has no subset zero divisors. S has subset units 
but S is only a subset semiring and not a subset semifield. 

For take A = {6} €S. 

Ax A= {6} x {6} = {1} is a subset unit of S. 

We see for A, Be S\ {0}; Ax B# {0}. 


However for every A € S we do not have a B such that 
A + B= {0} so S is not a subset ring only a subset semiring. 


Let A = {3, 4, 0, 2} and B= {4, 3,5} ¢ S 
A+B = {3,4,0, 2} + {4, 3, 5} 


= {(344,343,34+5,444,44+3,44+5,0+4, 
0+3,0+5,2+4,2+3,2+5} 


= {0, 6, L 2,4, 3, 5} eS. 
Now 


AxB = {3,4, 0, 2} x {4, 3, 5} 
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= {3x4,3x3,3x5,4x4,4x3,4x5,0~x4, 
0x3,0x5,2x4,2x3,2x5} 


= {5,2,1,6,0,3} €S. 
AxA = {3,4,0,2} x {3, 4, 0,2} 


= {3x3,4x3,0x3,2x3,3x4,4x4,0x4, 
2x4,3x0,4x0,0x0,2x0,3 x 2,4 2, 
0x2,2 x2} 


= {2,5,0, 6,4, 1} €S. 


This is the way operations are performed. 
Take {5}=AeS. 


We see A x A= {5} x {5} = {4}. 
AxAxA= {5} x {4} = {6}. 
AxAxAxA= {6} x {5} = {2}. 
AxAxAxAxA= {2} x {5} = {3} and 
AxAxAxAxAxA= {3} x {5} ={l} ES. 


Thus A° = {1} is a element of order 6. 


Example 2.3: Let S = {Collection of all subsets from the 
neutrosophic ring R = (Z, U I)} be the subset semiring. S is a 
subset neutrosophic semiring of type I. 


Example 2.4: Let S = {Collection of all subsets from the 
complex modulo integer ring R = C(Zjo)} be the subset 
semiring. 


S is a subset complex modulo integer semiring of the ring R 
of type I. 


Example 2.5: Let S = {Collection of all subsets from the finite 
complex number neutrosophic ring R = C((Zis U I))} be the 
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subset semiring of the ring R. S is a finite complex number 
neutrosophic subset semiring. 


All the five examples are examples of finite subset 
semirings of type I. 


Now we give examples of subset semirings of infinite order. 


Example 2.6: Let 

S = {Collection of all subsets from the ring R = Z} be the subset 
semiring. S is an infinite subset semiring which has no subset 
zero divisors or subset units. 


Let A = {3, 5, 8,-5, 1} and B = {8,-1,9,-10} €S. 
A+B ={3,5,8,-5, 1} + {8,-1, 9,10} 
= {3+8,5+8,8+8,5+8,1+8, 3-1,5-1, 


8-—1,-5-1,1-1,3+9,5+9,8+9,-5+9, 
P90 3 = 10,5 = 10,3 = 10,5 = 10, 110} 


= {11, 13, 16, 3, 9; 2, 4, 7,6, 0, 12, 14, 17, 10, -7, 
5,29, -15,-0) eS, 


We see if A = {5} and B = {—5} in S then A+ B= {0}. 


However for every A € S we do not have a B (= —A) such 
that A + B = {0}. 


WeseeAxB = {3,5,8,-5, 1} x {8,—1, 9, -10} 


= {3 x 8,3 x-l, 3 x9, 3 x10, 5 x 8,5 xl, 
5x9,5x-10,8x8,8x-I,8x9,8x-10, 
5 x 8,-5 x -1,-5 x 9,-5 x —-10, 1 x 8, 
1x-l,1x9,1x-10} 


= {24, -3, 27, -30, 40, -5, 45, —1, -50, 64, —8, 72, 
—80, —40, 5, -45, 50, 8,9,-10} ES. 
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We see A x B = {0} is not possible for A, B € S \ {0}. 


Example 2.7: Let 

S = {Collection of all subsets from the ring (Q U I)} be the 
subset semiring of infinite order of the ring (Q UI). This subset 
semiring has infinite number of subset zero divisors. 


For take A = {5 —5I} and B= {31} €S. 


WeseeAxB = {5-SI} x {3]} 
= {5-5I x 3I} 
= {151-15} 
= {0}, is a subset zero divisor of S. 


Clearly S has infinite number of subset zero divisors given 
by A = {3 —-3I, 8 — 8I, 91-9} and B= {21} €S. 


We see 


AxB = {3—31,8—8I, 91-9} x {21} 

{3 — 31 x 21, 8 — 81 x 21, 91— 9x 21} 
= {61— 61, 161 — 161, 181 — 181} 

= {0% 


Take A = {5 —5I, 7—7I, 18 — 18I} and B= {21, IT} €S. 
We see 


AxB: 345-517 —TL 18 18h} «21, G 
= {5-51 x 21, 7-71 x 21, 18 — 181 x 2], 
5-51 x1,7-71xL, 18-181 x} 


= {101 — 101, 141 — 141, 361 — 361, 51—5I, 
71 — 71, 181 — 181} 


= {0}. 


Thus we can have infinite number of subset zero divisors. 
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If in the above subset semiring if we take 


A= {ty = ti, to - tol, a til} and B= {sil, Sol, a tel Sm} 
(m and n are integers) in S we get A x B= {0}. 


Hence our claim as m and n are arbitrary and m,n € Z’. 
If we replace Q in example 2.7 by R or Z the result is true. 


Thus we have infinite subset semiring which has infinite 
number of subset zero divisors. 


Example 2.8: Let 

S = {Collection of all subsets from the complex field C} be the 
subset semiring. We see S is of infinite order S and has no 
subset zero divisors. 


However S has infinite number of subset units of the form if 
A = {a}, a € C \ {0} we have a unique b € C \ {0} such that if 
B= {b} then A x B= {1}. 


S is a subset semiring has no subset zero divisors but has 
infinite number of subset units. 


Example 2.9: Let S = {Collection of all subsets from the ring 


(R U I)(g) where g’ = 0} be the subset semiring. S has subset 
zero divisors. 


Let A = {8g, 5g, 3g, 10g} and 
B = {0, 2g, -l0g, V5g, /26g} €S. 


We see 


AxB = {8g, 5g, V3g, 10g} x {0, 2g, 10g, V5g, 26g} 
={0} as g” =0. 


Thus S has infinite number of subset zero divisors. 
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Also if A= {n—nI|n € Z’ U {0}} and B= {ml |me Z} 
then A x B = {0}. So S has infinite number of subset zero 
divisors. 


We also see S has infinite number of subset units. S is an 
infinite subset semiring which is commutative but has infinite 
number of subset units and subset zero divisors. 


Example 2.10: Let 

S = {Collection of all subsets from the ring Z,\(g) with 
g’ = {0}} be the subset semiring. S has both subset zero divisors 
and subset units. S is of finite order. 


Let A={10} €S. 
Ax A= {1}. Let A= {4} and B= {3} €S. 
Ax B= {4} x {3} = {12} = {1} is a subset unit of S. 


Let A= {6} and B= {2} €S. 
Ax B= {6} x {2} = {6x 2} ={l} €S. 


Thus S has subset units. 

Let A= {3g, 5g} and B= {2g, g, 10g} €S. 
We see 

A x B= {3g, 5g} x {2g, g, 10g} = {0}. 

Thus S has subset zero divisors. 

It is to be observed Z; is a field, only Z;\(g) is the finite 
dual number. Infact S is also known as the subset semiring of 


finite dual numbers. 


Example 2.11: Let S = {Collection of all subsets from the 
mixed dual ring Zio(gi, g2) where g; = 0 and g> = g with 
2122 = gg, = 0} be the subset semiring of finite order. 
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S has subset idempotents; for take A = {5g} € S. 


We see 


AxA = {5g} x {5g} = {2593} 
= {5g} (as g3 = go}. 


Also A = {g)} € S is such that 


AXA = {g} x {@} ={g)} 
= {go} = A is a subset idempotent of S. 


Take A = {6g), 5g>} € S. 
We find 
AxA = {68), 5g} € {62), 5g} 


= {(6 x 6) g3,(5 5) g3, (6x5) g3, 
(5 x 6) g3} 


={62), 5@}=AeES. 
Thus S has several subset idempotents. 


Wetake M= {5g), 2g), 821, 921, 6g} and 
N = {2g2, 682, 4g2} € S. 


We find 
MxN = {5g), 2g1, 8g1, 9g1, 621} x {2g2, 622, 42} 
= {5g1 xX 2g0, 2g) x 28>, 8g) x 290, 9g) x 2g, 
6g1x 2g2, 5g1 x 6g2, 2g: x 6Q2, 8gi x 6g, 
9g1 x 622, 68) x 68, 5g) x 4g, 2g) x 4g, 
8g) x 4g, 9g; x 4g, 6g1x 4g>} 


= {0} as g; x 2 =0. 
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Thus S has several subset zero divisors. 


We have subset units also given by A = {3} and 
B = {7} e€ S; such that A x B = {3} x {7} = {21} = {l} isa 
subset unit. 


A, = {9} € S is such that A; = {9} x {9} = {1} is againa 
subset unit of S. 


Example 2.12: Let S = {Collection of all subsets from the ring 


Zi2 (£1, Bo Bs); By =O and g; = g, g; =—gs, gig) = ggi = 0 for 
i#j, 1 <i,j <3} be the subset semiring of special mixed dual 
numbers of finite order. 


S_ has subset units, subset idempotents and subset zero 
divisors. 


Example 2.13: Let 
S = {Collection of all subsets from the ring Z[x]} be the subset 


semiring. 


S has no subset units or subset idempotents or subset zero 
divisors. 


Infact S is of infinite order and S is also known as the 
subset semiring of polynomials. 


Let 
A= {5x + 3, 8x’ + 1, 2x?- 1} and 
B= {x’+3,x’-1,2x°+4} €S. 
We find 


A+B = {5x +3, 8x41, 2x°-1} + {x°+3,x?-1, 
2x° +4} 
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= {5x+34+x?+3,8x°+14+x’?+3,, 2x°-1+ 
x? +3,5x+34+x?—1,8x?+1+x?-1,2x?-1 
+x?—1,5x+34+2x°+4, 8x? +14+2x°+4, 
2x*-1+2x°+4} 


= {x?+5x+6, 9x? +4, 2x°+x°+2,x°+5x+2, 
9x’, Ox ba? 2. 2x° + 5x +7, 2x° +8x?+5, 
2x°+2x°+3} €S. 


This is the way addition ‘+’ is performed on S. 
We find 


AxB = {5x +3, 8x?+1,2x?-1} x {x?+3,x?-1, 
2x°+ 4} 


= {5x+3xx?+3,5x+3xx’-1,5x+3x 
2x° +4, 8x7 +1 xx? +3, 8x°+1xx?-1, 
8x? + 1 x 2x° +4, 2x7 -1 x x? +3, 
Se = 1 ex 1 Ox = le 


= {5x°+3x?+9 = 15x, 5x* + 3x? —5x — 3, 10x°, 
6x° + 20x + 12, 8x* + 25x” + 3, 9x*— 1, 
~ 7x", 16x’ + 2x° + 32x" + 4, 2x° — x’ -3 + 6x’, 
2x° + 1—x?— 2x7, 4x®- 4+ 8x?-2x°} ES. 


This is the way operation x on S is performed. 


Thus (S, +, x) is only an infinite polynomial subset semiring 
which has no subset zero divisors or subset idempotents or 
subset units. 


We see S is not a strict semiring for we see if 


A= {5x? — 2x’ + 8x —7} and 
B = {—-5x? + 2x” — 8x + 7} are in S, we have 
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A+B = {5x?—2x?+ 8x—7} + {-5x? + 2x? — 8x +7} 
= {5x> — 2x? + 8x —7 + (-5x? + 2x? — 8x +7) 
={0} €S. 


Thus S is not a strict subset semiring for we have 
A +B = {0} without A and B being zero in S. 


Example 2.14: Let S = {Collection of all subsets from the 
neutrosophic polynomial ring (R WU I)[x]} be the subset 
polynomial neutrosophic semiring. 


We see S has subset zero divisors only of the form 
A x B= {0} where A = {n—nl|n € R'} andB= {ml|meR} 
in S are such that A x B = {0}. 


Thus this subset polynomial neutrosophic semiring has 
subset zero divisors. 


Now we give examples of infinite subset polynomial 
semirings using the polynomial ring F[x] where |F| < ©. 


Example 2.15: Let 
S = {Collection of all subsets from the polynomial ring Z,[x]} 
be the subset polynomial semiring of Z,[x] of infinite order. 


S has subset zero divisors but has atleast six subset 
idempotents of the form 


A= {3}, B= {4}, D= {1, 3}, E= {1, 4} and F = {1, 3, 4}, 
C= {3, 4} € S; such that 


AxA = {3} x {3} 


= 13} 
=A. 


BxB = {4} x {4} = {4x4} 
= {16} = {4} =B. 
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CxC = {3,4} x {3, 4} 
= {3 x3,3x4,4x4,4x 3} 
= {3,44 =C. 


ExE = {1,4} {1,4} 
= {1x4,4x4,4x1,1x 1} 
= {4,1} =E. 


DxD = {1,3} {1, 3} 
=f41 1 PX 3i3 13% 3} 
= {1,3} =Dand 


FxF = {1,3,4}x {1, 3, 4} 
={1x1,3x1,4x1,1x3,3x3,4x 3, 
1x 4,3x4,4x 4} 
= {1, 4, 3} =F, are subset idempotents of S. 


Now consider A = {2x” + 4x + 2, 4x? + 2x + 4} and 
B= {3x?+ 3x°+ 3x +3} €S. 


We see 


AxB = {2x?+4x+2,4x?+2x+4} x {3x?+3, 
3x* + 3x + 2} 
= {(2x?+4x+2)x3x?+3,4x?+2x+4x 
3x? + 3, 2x7 + 4x +2 x 3x° + 3x + 3, 
4x3 +2x+4 x 3x°+3x+3} 


= 40h. 
Thus S has subset zero divisors. 


So we will have problems while defining subset degree of 
these subset polynomials; we have infinite number of subset 
zero divisors in S. 


Example 2.16: Let S = {Collection of all subsets from the 
polynomial ring R = [Z,2(g)][x]; g° = 0} be the dual number 
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coefficient polynomial subset semiring of infinite order of the 
ring R. S has subset zero divisors and subset idempotents. 


Example 2.17: Let S = {Collection of all subsets from the 
polynomial ring (C((Z24 U TI) (g1, 22, g3))[x]} be the subset 
polynomial complex finite neutrosophic modulo integer 
semiring neutrosophic special mixed dual numbers. 


We see S has subset zero divisors, subset idempotents and 
subset units. 


Example 2.18: Let S = {Collection of all subsets from the ring 
R = Zi(g) x Zis (g1) where g? = 0 and g; = g1} be the subset 


semiring of the ring R. S has subset units, subset zero divisors 
and subset idempotents. 


Now having seen several examples of subset semirings; we 
proceed onto study and describe their substructures and other 
properties by examples. 


Example 2.19: Let 

S = {Collection of all subsets from the ring Z;2} be the subset 
semiring of Z),. Clearly S has subset subsemirings and subset 
semiring ideals. 


M, = {Collection of all subsets from the subring 
P, = {0, 2, 4, 6, 8, 10} C Z)2} CS is a subset subsemiring which 
is also a subset semiring ideal of S. 


For if A = {2, 0, 6} © M; and B= {3, 1, 5} e S then 


AxB = {2,0, 6} x {3, 1, 5} 
= {0x3,2x3,6x3,0x1,2x1,6x1,0~x5, 
2x5,6x 5} 
= {0, 6, 2,4} © M). 


It is easily verified M; is a subset semiring ideal of the 
subset semiring. 
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Consider M, = {Collection of all subsets from the subring 
P, = {0, 3, 6, 9} C Zi2} c S be the subset subsemiring of S as 
well as subset semiring ideal of the subset semiring S. 


M3; = {Collection of all subsets from the subring P; = {0, 6} 
Cc Z\2} CS be the subset subsemiring of S and Ms; is also a 
subset semiring ideal of S. 


Now N; = {{1}, {0}, {2}, {3}, {4}, ..., {10}, {11}} cS. 
N; is a subset subsemiring of S but is not a subset semiring ideal 
of S. 


For {1} e Nj, soif A = {2, 4, 6,3} e S we see 


Ax {]}= {2, 4, 6, 3} x {1} 
= {2x1,4x1,6x1,3~x 1} 
= {2,4, 6,3} € Ni). 


Infact if No = {{O}, {2}, {4}, {6}, {8}, {10}} CS; No is 
only a subset subsemiring of S but is not a subset semiring ideal 
of S. 


For if we take A = {1, 2, 3, 4, 7, 10} © S we consider 
A x B where B= {2} EN. 


AxB = {1,2,3,4, 7, 10} x {2} 
= {1x2,2x2,3x2,4x2,7x2,10x2} 
= {2, 4, 6, 8} € No, hence the claim. 


Thus we have shown by this example that S has subset 
subsemirings which are not subset semiring ideals of S. 


Example 2.20: Let 
S = {Collection of all subsets from the field Z7} be the subset 
semiring. 
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Consider P = {{1, 2, 3, 4, 5, 6, 0}, {03} CS; P is a subset 
subsemiring as well as subset semiring ideal of S. 


For take A = {0, 2, 4} &€ S. 


AxB = {2,0, 4} x {0, 1, 2, 3, 4,5, 6} 
(where B = {0, 1, 2, 3, 4, 5, 6}) 


= {2x0,2x1,2x2,2x3,2x4,2x5,2x6, 
0x1,0x2,0x3,0x4,0x5,0x6,4~x 1, 
4x2,4x3,4x4,4x5,4x 6} 


= {0, 2,4, 6, 1,3,5} eP; 
and {0} x A= {0} forall A €S. 


Thus P = {{0}, {1, 2, 3, 4, 5, 6, O}} is a subset semiring 
ideal of S. 


We have seen subset subsemirings which are subset 
semiring ideals and those which are just only subset 
subsemirings. 


In view of this we have the following theorem. 


THEOREM 2.1: Let S be a subset semiring of a ring. Every 
subset ideal of a subset semiring is a subset subsemiring of S. 
However all subset subsemirings of S need not in general be a 
subset semiring ideal of S. 


The proof is direct and hence left as an exercise to the 
reader. 


It is just important to recall every ring is trivially a semiring 
but a semiring in general is not a ring. So we can define a 
subset semiring to be a super Smarandache subset semiring if it 
contains a subset ring. 
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We will give examples of them before we proceed to define 
more properties. 


Example 2.21: Let 

S = {Collection of all subsets from the ring Z;} be the subset 
semiring. S is a super Smarandache subset semiring as 
A = {{O}, {1}, {2}, {3}, {4}, {S}} CS is a subset ring of S, 
hence the claim. 


Example 2.22: Let 

S = {Collection of all subsets from the ring C(Z;)} be the super 
Smarandache subset semiring of the ring. Infact S has two 
subset rings M; = {{O}, {1}, {2}, {3}, {43} cS and Mp = {{a} | 
a € C(Zs)} CS are subset rings. Hence the claim. 


Thus we see subset semiring constructed using subsets of a 
ring are defined as super Smarandache subset semiring. 


Now we give some more examples of substructures in 
subset semirings of type I. 


Example 2.23: Let 

S ={Collection of all subsets from the ring Z} be the subset 
semiring of the ring Z. P, = {Collection of all subsets from the 
subring 2Z = {0 +2, ...,+2n...}} CS is a subset subsemiring 
and also a subset semiring ideal of the semiring S. 


Infact S has infinite number of subset subsemirings which 
are subset semiring ideals. 


For P, = {Collection of all subsets from the subring 
nZ = {0,+n, + 2n, ...} ¢Z} CS is a subset subsemiring which 
is a subset semiring ideal of S for every n;n € Z’ \ {1}. 


Example 2.24: Let 

S = {Collection of all subsets from the ring R the field of reals} 
be the subset semiring of R. R has infinite number of subset 
subsemirings. 
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Take P, = {Collection of all subsets from the subring 
nZcCR,nZcCR,neZ} CS be the subset subsemiring of S. 
P,, is not a subset semiring ideal of S. 


Pg = {Collection of all subsets from the subring Qc R} cS 
is the subset subsemiring of S. Po is a not a subset semiring 
ideal only a subset subsemiring of S. 


Thus S has infinite number of subset subsemirings which 
are not subset semiring ideals. 


Take M = {{a} | a e R} {0}3; the collection of subset 
singleton sets from R, denote by Mj). 


M = {M,, {0}} CS is a subset subsemiring which is also a 
subset semiring ideal of S. 


Example 2.25: Let 
S = {Collection of all subsets from the ring (R U I)} be the 
subset neutrosophic semiring. 


S has subset subsemirings which are not subset semiring 
ideals of S for take P = {All subsets from the ring (Z UI)} cS, 
a subset subsemiring which is not a subset semiring ideal of S. 


L = {All subsets from the ring Z} c P Cc S is a subset 
subsemiring of S which is not a subset semiring ideal of S. 


Let 
T = {Collection of all subsets from the ring (QU I)} CS be the 
subset subsemiring which is not a subset semiring ideal of S. 


Take 
V = {Collection of all subsets from the rng QC(RUT)} cS 
be the subset subsemiring of S which is not a subset semiring 
ideal of S. 
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Example 2.26: Let 

S = {Collection of all subsets from the ring (C U I)} be the 
subset semiring. S has many subset subsemirings which are not 
subset semiring ideals. 


Take 
L = {Collection of all subsets from the subring Z c (C U I)} be 


the subset subsemiring of S which is not a subset semiring ideal 
of S. 


T = {Collection of all subsets of the subring (Z UT) c(C UT} 
c S is again a subset subsemiring of S which is not a subset 
semiring ideal of S. 


W = {Collection of all subsets from the subring C C(C UTD} € 
S be the subset subsemiring of S which is not a subset semiring 
ideal of S. 


We can have infinite number of subset subsemirings which 
are not subset semiring ideals of S. 


Example 2.27: Let 

S = {Collection of all subsets from the ring Z,;} be the subset 
semiring of the ring Z;;. Take P; = {Collection of all subsets 
from the subring M = {0, 5, 10} c Zs} cS be the subset 
subsemiring which is also a subset semiring ideal of S. 


P, = {Collection of all subsets from the  subring 
N = {0, 3, 6, 9, 12! c Zis} CS be the subset subsemiring of S. 
P, is also subset semiring ideal of S. 


Let T; = {{0}, {1}, {2}, {3}, {4}, {5}, {6}, .... {143} cS 
is a subset subsemiring of S which is not a subset semiring ideal 
of S. 


To = {{0}, {5}, {10}} CS is a subset subsemiring which is 
not a subset semiring ideal of S. 
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T; = {{0}, {3}, {6}, {9}, {12}} CS is subset subsemiring 
of S which is not a subset semiring ideal of S. 


Infact S has both subset subsemirings which are not subset 
semiring ideals as well as S has subset semiring ideals. 


Example 2.28: Let 

S = {Collection of all subsets of the ring Z4} be the subset 
semiring. P,; = {Collection of all subsets from the subring 
M, = {0, 2, 4, 6, 8, ..., 22} C Zo4} CS is the subset subsemiring 
which is a subset semiring ideal of S. 


P, = {Collection of all subsets of the subring M> = {0, 4, 8, 
12, 16, 20} < Z54} CS is again a subset subsemiring which is 
also a subset semiring ideal of S. 


P; = {Collection of all subsets of the subring M; = {0, 8, 
16} Cc Zy4} CS is again a subset subsemiring which a subset 
semiring ideal of S. 


P, = {Collection of all subsets of the subring M, = {0, 1, 2} 
C Zy4} CS is again subset subsemiring which is also a subset 
semiring ideal of S. 


Ps = {Collection of all subsets of the subring Ms; = {0, 6, 12, 
18} c Zy4} C S is again a subset subsemiring which is also a 
subset semiring ideal of S. 


P. = {Collection of all subsets of the subring Mg, = {0, 3, 6, 
9, 12, 15, 18, 21} C Zo4} CS is again a subset subsemiring 
which is also a subset semiring ideal of S. 


We have 6 subset subsemirings of S which are subset 
semiring ideals of S. 


Related with these six subset subsemirings P), Po, ..., P«, we 
construct V;, V2, ..., Ws where V; = {{O}, {2}, {4}, {6}, ..., 
{22}! cS is a subset subsemiring of S. This is not a subset 
semiring ideal of S. 
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Take A = {3, 5, 7, 1,6} eS. Ax {4} = {12, 20, 28, 4, 24} 
¢ V, so V, is not a subset semiring ideal of S. 


If we take V2 = {{O}, {4}, {8}, {12}, {16}, {20}} CS, we 
see V> is only a subset subsemiring and is not a subset semiring 
ideal of S. 


V3 = {{0}, {8}, {16}} cS where V3 is only a subset 
subsemiring and is not a subset semiring ideal of S. 


Thus S has subset semiring ideal and subset subsemirings 
which are not subset semiring ideals of S. 


We will give one more examples before we enunciate a 
result. 


Example 2.29: Let 
S = {Collection of all subsets from the ring Zo} be the subset 
semiring of Z»0. 


Consider P,; = {Collection of all subsets from the subring 
M, = {0, 2, 4, 6, ..., 18} CZ} CS; P; is a subset subsemiring 
as well as subset semiring ideal of S. 


P, = {Collection of all subsets of the subring M> = {0, 4, 8, 
12, 16}} cS, P, is a subset subsemiring which is a subset 
semiring ideal of S. 


P; = {Collection of all subsets from the subring M; = {0, 5, 
10, 15} C Zoo} CS is again a subset subsemiring which is a 
subset semiring ideal of S. 


P, = {Collection of all subsets form the  subring 
M, = {0, 10} © Zo} CS is again a subset subsemiring of S 
which is also a subset semiring ideal of S. 


Also N; = {{0}, {10}! cS is only subset subsemiring 
which is not a subset semiring ideal of S. 
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No = {{0}, {5}, {10}, {15}! c S is again a subset 
subsemiring which is not a subset semiring ideal of S. 


W3 = {{O}, {4}, {8}, {12}, {16}} CS is also a subset 
subsemiring which is not a subset semiring ideal of S. 


Thus in view of all these we have the following theorem. 


THEOREM 4.2: Let 
S = {Collection of all subsets from the ring R} be the subset 
semiring of type I. 


(i) Shas atleast as many subset subsemirings (ideals) as 
subrings (ideals) of R. 


(ii) S has atleast same number of subset subsemirings 
which are not subset semiring ideals as mentioned 


in (i). 


Proof: If R the ring over which the subset semiring S is built 
and if R has n ideals then we see S has n number of subset 
semiring ideals for if I is an ideal of R take 


P = {Collection of all subsets from I} c S is again a subset 
subsemiring of S which is also a subset semiring ideal of S. 


If we take I = {0, aj, ..., am} C R is the elements of I then 
take V = {{0}, {ai}, ..., {am}} CS. It is easily verified V is a 
subset subsemiring of S but is not a subset semiring ideal of S 
for if we take A = {s), ..., s | s; € R} then A x {a,} # {aj} in 
general for any i as A x {a,} has more elements in general. So 
V can only be a subset subsemiring of S. 


Hence the claim. 
Example 2.30: Let 


S = {Collection of all subsets from the ring Z,} be the subset 
semiring of type I. P, = {Collection of all subsets from the 
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subring / ideal M; = {0, 3} < Zo} Cc S is again a subset 
subsemiring which is also a subset semiring ideal of S. 


P, = {Collection of all subsets from the subring / ideal M> = 
{0, 2, 4} c Zs} CS is again a subset subsemiring as well as 
subset semiring ideal of S. 


Take N, = {{0}, {3}} cS, N; is only a subset subsemiring 
and is not a subset semiring ideal of S for if A= {1,2} —€S 


A x {3}= {1,2} x {3} 
= 13, 6} 
= {0,3} € Ni. 


Hence the claim. 


Take N. = {{0}, {2}, {43} cS; No is only a subset 
subsemiring and not a subset semiring ideal of S. 


For if A= {1,5} €S. 
Ax {4}= {1,5} x 4 
= {4, 20} 
= {4,2} € Nb. 


So N> is only a subset subsemiring and not a subset 
semiring ideal of S. 


Nz = {{O}, tl}, (23, (3), t4, 5p} CS. Ns is only a 
subset subsemiring of S and not a semiring ideal of S. 


Inview of all these we have the following theorem. 


THEOREM 2.3: Let 
S = {Collection of all subsets of a ring R} be the subset semiring 
of the ring R. S has subset subsemirings which are not subset 
semiring ideals of S. 
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Proof: Follows from the simple fact if M = {{a} | a © R} 
(Collection of all singleton sets of R) then M Cc S is only a 
subset subsemiring which is not a subset semiring ideal of S. 
Now we proceed onto study more about non commutative 
rings and their related subset semirings which are non 
commutative. 
Example 2.31: Let 
S = {Collection of all subsets from the group ring Z2S3} be the 
subset semiring. 
S is a subset semiring which is non commutative. 


However S has subset subsemirings which are commutative. 


P, = {Collection of all subsets from the groupring ZT, 


where 
12 3\/1 2 3)/1 2 3 
T= , 4 cS 
12 3)/\2 3 1)/\3 1 2 


is a subset subsemiring of S which is commutative subset 
subsemiring. 


P, = {Collection of all subsets from the group ring ZT» 


where 
1 2 3\/f1 2 3 
es > cS 
{( 2 | é 3 Tt 


is again a subset subsemiring of S which is a commutative 
subset subsemiring of S. 


1 2 3\(1 2 3 
Take A = : and 
2 3 1)\1 3 2 


Subset Semirings of Type I | 33 


Lo 3 i 2-3 P23 
B={1+ + + eS. 
Loo 2 an Mae 2 3.1 


i> 3) el es 
= + 
(Geen n heen 
id 3). fl 2 3 
+ s 
ee 
ie afi 2.3 
4 + 
ee ae) 
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We now find 


pea fot okt atG sf 
leads 


om (Caran ha COO CS) 
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Clearly I and II are distinct so A x B # B x A; hence S is a 
non commutative subset semiring of finite order. 


Example 2.32: Let 

S = {Collection of all subsets from the group ring ZS3} be 
subset semiring of ZS; S is a non commutative subset semiring 
of infinite order. 


S has several infinite order subset subsemirings both 
commutative and non commutative. 


However S has subset zero divisors for take A = {1 — g;} 
andB= {1l+g)} eS. 


We see A x B= {1 -—g)} x {1 + g)} 


a 123 
where 2) = 
al G Hie ae 


={(1 =i) G+ 2g)} 
= {l-git+gi-g7} 
= {1-1} = {0}. 


Take A= {1+ 91+ 92+ 93+ g4+ gs} andB={1-—gi} €S, 


; 123 123 123 
where g; = , f= 23 = 
Be ly = od PP La ge PRO Le Pg 


i) ee (> _ 
_ and 25 = are 1N S83. 
la (ye a S131 2 : 


AxB 

= {1+ gi + g.+ 93+ g4+ gs} x {1-gi} 

= {1+ g1+ 92+ 93+ 24+ gs x (1—g1)} 

= {1+ 91+ 2+ 93+ 4+ g5—g1— 1-— 24-85-22 —B3} 
= 10} 
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hence again a subset zero divisor of S. 


Thus non commutative subset semiring S of ZS; has subset 
zero divisors. 


However S has no subset idempotents. 


Example 2.33: Let 

S = {Collection of all subsets from the groupring QS3} be the 
subset semiring of the group ring QS; which is non 
commutative and of infinite order. 


This has both subset zero divisors as well as subset 
idempotents. 


For take A ele ae )| ies Les 
or take — so = (Ser 
a SUE la ig g 


AxA ={5 (1+ g))} x (5 (1 + gi)} 
Late eee ee 
2 ve" 
1 2 
=a eu 
l 2 
= 1] er Ey 
1 
=e (1+1+2g))} 


={5 (l+g)}=AeS. 


Thus A is a subset idempotent of S. 
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Also B= {= (1 + g4 + gs)} € S is such that B x B=BsoB 


is also a subset idempotent of S. 


1 ; 
NOW Ea (1 + g; + go + g3 + g4 + gs)} © S is such that 


C x C=C so Cis also a subset idempotent of S. 
Infact S has also subset zero divisors. 


Example 2.34: Let 

S = {Collection of all subsets from the groupring RS;} be the 
subset semiring of RS3. S is non commutative and has both 
subset zero divisors and subset units. 


S has subset subsemirings and which are not subset 
semiring ideals. 


For consider 
P = {Collection of all subsets from the subring QS3} ¢ S; P is a 
subset subsemiring which is not a subset semiring ideal of S. 


Infact S has infinite number of subset subsemirings which 
are not subset semiring ideals of S. 


Example 2.35: Let S = {Collection of all subsets from M = 
{3 x 3 matrices with entries from Z),}} be the subset semiring 
of the ring M. 


Clearly S is a non commutative matrix subset semiring of 
finite order. S has both subset zero divisors, subset idempotents 
and subset subsemirings. 


Example 2.36: Let S = {Collection of all subsets from the 
matrix ring M = {(aj, a, a3, a4) | aj € Zs, 1 < i < 4}} be the 
subset semiring of Z\5 of finite order which is commutative. 
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S has subset zero divisors and subset idempotents. 


Take A= {(0, 2,4,5),(0; 0,.7,:2), (0, 1,2, 0),.(0; 5,0, 1} 
and B = {(7, 0, 0, 0), (8, 0, 0, 0), (5, 0, 0, 0) (1, 0, 0, 0)} be in S. 


We see 


= {(0, 2, 4, 5) x (7, 0, 0, 0), (0, 2, 4, 5) x (8, 0, 0, 0), 
, 5) x (5, 0, 0, 0), 
, 0) x (8, 0, 0, 0), 
, 0) x (1, 0, 0, 0), 


= {(0, 0, 0, 0)} €S. 
Thus S has several subset zero divisors. 
S has subset idempotents. For take A; = {(0101)} €S. 
A, x A; = {(0101)} =A). 
A> = {(10, 1, 10, 0)} © S is such that A, x A, = A, and so 


on. 


Example 2.37: Let 


P= a, a, € Zp, 1 <i< 5} 
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be the ring of column matrices under natural product x,. P is a 
commutative finite ring. 


Let S = {Collection of all subsets of P} be the subset 
semiring of the ring P. S has subset idempotents and subset zero 
divisors. 


3//5 21/4 
0} }1 0; |5 
Let A= 5] 1],)2]- andB= 5]/1)],)2]/-7 €S 
2/15 3/|3 
[4] 17] 7 | [0 


3) )5 2||4 
0; } 1 0} |5 
We find A+B= 4] 1],)2]¢ + 4] 1],) 2 
2/|5 3] | 3 
4||7 7| {0 


3 21/3 4/|5 215 4 
0 0//0 5|} 1 O;}1 5 
= 5! 1}/4+/ 1], 1 /+)2]}]2])4+]1),)2}4)2 
2 3/|2 3/15 3/ 1/5 
L4} L7] 4] [0 7 ee 


BNW MN I 
NO CO WwW Re NY 
nN oO BD O 
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This is the way the operation of + is performed on S. 


Now we find 


AxB= 


NF Oo WW 

aN S — NN 
x 

NSN Wwrown 

Oo WwW ‘S n fs 


| 
x 
5 
a | 
So kWeN Nn & 
1 
TWYWNnNrY 
x 
i= 
1 
NY Wr Oo Wh 
J 
NY nN WN 
x 
i=} 
1 
SWNHN WN 


This is the way natural product is defined on S. 


We see S is a finite commutative subset semiring. S has 
subset zero divisors and subset idempotents. 
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0 
6 
For take A= 4/0]? €S. 
6 
6 | 
0 
0 
We see A x, A= 4| 0 
0 
0 
So A is a subset zero divisor. 
be in S. 


0 
4 
Let A= 5] 2} andB= 
0 
0 


WWwWnn an 


We see A x, B= is again a subset zero divisor in S. 


oo o.cUc.ooOClhcO 


42 | Subset Semirings 


Take M = eS. Wesee M x, M= eS; 


oof CO Ff 
ooh Oo Ff 


M is a subset idempotent of S. S has subset nilpotent, 
subset zero divisors and subset idempotents. 


Infact S has subset subsemirings and subset semiring ideals. 


For take P,; = a; © Zj2} be the matrix subring. 


ooo oO 


Let T, = {Collection of all subsets from the matrix subring 
P, of P} cS, T; is a subset subsemiring of S which is also a 
subset semiring ideal of S. 


Let P, = a; € Z)2} be the matrix subring of P. 


coooPo 


T, = {Collection of all subsets of the matrix subring P,} cS 
is also a subset subsemiring as well as subset semiring ideal of 
S. 


Let M = {Collection of all subsets of the matrix ring 
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P3= 4| a, || ai € {2, 0, 4, 6, 8, 10} CZ, 1 <is5}cS 


is again a subset subsemiring which is also a subset semiring 
ideal of S. 


Example 2.38: Let S = {Collection of all subsets from the 
matrix ring 


a 
M= eT | ae Bie. Xi x 163} 


be the subset semiring of the ring M. 


S has subset zero divisors, subset units and subset 


idempotents. 


S is of finite order, commutative under natural product x, 


and non commutative under usual product x. 


We see in both cases it has subset subsemirings and subset 


semiring ideals. 


Take V; = {Collection of all subsets from the matrix ring 


) 


T= ai € Zig}} 


oo oO 

ooo Oo 
>) 
ooo CoO 
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be the subset subsemiring of the subring T). 


V, is also a subset semiring ideal of S. 


Likewise V; = {Collection of all subsets from 


a, € Zis} CM} CS 


mA 

ll 
oO. So° OS SO 
OS SS OS 


ooo Oo 
ooo lO 


is again both a subset subsemiring as well as subset semiring 
ideal of S. 


We can have several such subset subsemirings and subset 
semiring ideals. 


Example 2.39: Let S = {Collection of all subsets from the 
matrix ring 


¥ 6 a, . 
M= ; ; ; a € Z,1<i<30}} 


Arg Ang = 39 


be the subset semiring under natural product x, of matrices. 


S is of infinite order S has subset zero divisors and subset 
idempotents. 


Infact S has infinite number of subset subsemirings and 
subset semiring ideals. 


Example 2.40: Let S = {Collection of all subsets from the 
matrix ring 
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a, a6 
M= Az wee Ag ay € Z4205 l<i< 48}} 
a33 agg 


be the subset semiring. 


S is of finite order, has subset zero divisors, subset 
idempotents, subset units, subset subsemirings and subset 
semiring ideals. 


Example 2.41: Let 
S = {Collection of all subsets from the semigroup ring Z\oS(3)} 
be the subset semiring. 


S has subset subsemirings. S has subset semiring ideals and 
subset subsemirings. 


Infact S is of finite order with subset zero divisors, subset 
units and subset idempotents. S is non commutative. 


Example 2.42: Let S = {Collection of all subsets from the 
semigroup ring ZS(7), S(7) the symmetric semigroup} be the 
subset semiring. 

S is an infinite non commutative subset semiring. S has 


subset subsemirings, subset semiring ideals, subset zero divisors 
has subset idempotents also. 


: 123 45 67 
For if A= eS 
1 De ee ee 


We see 


46 | Subset Semirings 


Thus S has subset idempotents. 


We can say if the semigroup over which the ring, the 
semigroup ring is taken is such that the semigroup has non 
trivial idempotents then the subset semiring has idempotents. 


In view of this we have the following theorem. 


THEOREM 2.4: Let S = {Collection of all subsets of the 
semigroup ring ZP of the semigroup P over the ring of integers 
Z where P is a semigroup with idempotents} be the subset 
semiring. Then S has non trivial subset idempotents. 


Note if P is a group then S has no subset idempotents only 
subset units. 


Also if P has no idempotents then S has no subset 
idempotents. 


Finally if P is a semigroup such that for alla ¢ P. a’ =a 
and a.b = 0 if a # b for every a, b € P then we see S has several 
subset idempotents which are not singletons. 


The proof is direct and hence left as an exercise to the 
reader. 
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Example 2.43: Let S = {Collection of all subsets from the 
semigroup ring ZP where P is a semigroup P = {Zj., x}} be the 
subset semiring. 


S has subset idempotents and subset zero divisors. 


For take A; = {4}, A> = {9} © S we see 
A, x A, = {4} x {44 ={4 x 44 = {16} = {44 =A). 
Az x Ap = {9} x {9} = {9 x 9} = {81} = {Ot = Ad, 


Also A3 = {1, 9} © S is such that 
A3 x A3 = il; 9} x {1, 9} a {159} = Aig: 


Aq= {0, 1, 9} © S is such that 
Ag x Aq= {0, 1, 9} x {0, 1, 9} = Ag. 


Thus we A;, A>, A3 and Ay in S are such that A? = A; for 


1<i<4. Hence Aj, A>, A; and Ay in S are subset idempotents 
of S. 


Take A; = {0, 1,9, 4} €S. 


is again a subset idempotent of S. 


Let A = {6} and B= {4, 2, 8! e Swesee A x B= {0} isa 
subset zero divisor of S. 


Example 2.44: Let 

S = {Collection of all subsets from the semigroupring RS(10)} 
be the subset semiring of infinite order which is non 
commutative S has subset idempotents. 


S has subset zero divisors. S has subset semiring ideals as 
well as subset subsemirings. 


48 | Subset Semirings 


Example 2.45: Let 

S = {Collection of all subsets of the ring Z;S(3) x Z,D 7} be the 
subset semiring of finite order. S is non commutative and has 
subset zero divisors and subset units. 


For take 
A= {(a, 0)| a € ZsS(3)} and B= {(0, b) | b € Z,Dr7} ES. 


We see 
Ax B= {(a, 0) x (0, b) | a € Zs(S(3)) and b € Z,D27} = {(0,0)}. 


Hence S has subset zero divisors. 


nica={(() 7 3}e}f es 


We see A x A = {(1, 1)} is a subset unit of S. So A is a 
subset unit of S. 


Example 2.46: Let 

S = {Collection of all subsets from the ring Zs; x Zo x Z7} be 
the subset semiring. S has subset zero divisors, subset 
idempotents and so on. 


Let 
A= {(a, 0, 0) |a € Zs} and B= {(0, b, c) | b € Zy0, c € Z7} € S. 
We see A x B= {(0, 0, 0)} is a subset zero divisor of S. 


Let A = {(0, 5, 0)} ¢ S; Ax A= {(0, 5, 0)} =A is a subset 
idempotent of S. 


Also B = {(1, 5, 1)} € S is also a subset idempotent of S. 
D= {(0, 5, 1)} € S is also a subset idempotent of S. 


Example 2.47: Let 
S = {Collection of all subsets from the ring R = Z x Zj6 x Zs} 
be the subset semiring. S has subset zero divisors, subset 
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idempotents and subset units. S has also subset subsemirings 
which are subset semiring ideals. 


Take P, = {(a, 0, 0) | a € Z} CS we see P; is only a subset 
subsemiring but P; is not a subset semiring ideal of S. 


For if we take 
A= {(5, 8, 9), (i en 0), (4, 7; 0), Ci i 8, 0)} in S and 
B= {(4, 0, 0)} € Pi. 


We find 


AxB = {(5, 8, 9), (11, 2, 0), (4, 7, 0), (-11, 8, 0)} x 
(4, 0, 0)5 


= {(20, 0, 0), (4, 4, 0, 0), (16, 0, 0), (44, 0, 0)} € S but 
{(20, 0, 0), (44, 0, 0), (16, 0, 0), (44, 0, 0)} ¢ P; hence P, is 
only a subset subsemiring and not a subset semiring ideal of S. 


Let P, = {(0, a, 0) | a © Zio} CS be the collection of all 
subset subsemiring of S. P; is only subset subsemiring but is 
not a subset semiring ideal of S. 


P; = {(0, 0, a) | a € Z)5} CS be the subset subsemiring of S. 
Clearly P3 is not a subset semiring ideal of S. Thus S has subset 
subsemirings which are not subset semiring ideals of S. 


We now give examples of subsemirings ideals of S. 


Take V, = {Collection of all subsets from the subring 
T, = {Z x {0} x {0}! CS; V is a subset semiring ideal of S. 


We see V, = {Collection of all subsets from the subring 


T2 = {nZ x {0} x {0}}} (2 <n <.) be subset semiring ideals of 
S. 


We have an infinite collection of such subset semiring 
ideals. 
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V3; = {Collection of all subsets from the subring; 
T3 = {0} x Zi6 x {0}}} be the subset semiring ideal of S. 


V4 = {Collection of all subsets from the subring 
Ts = ({Z} x {0} x Zis) € {Z x Zio x Zis}} CS; be the subset 
semiring ideal of S. 


S has subset idempotents for A = {(1, 1, 10)} € S is such 
that 


AxA = {(1, 1, 10)} x {C1 1, 10)} 
= {(, 1, 10) x (1, 1, 10)} 
= {(1, 1, 10)} =A so A is a subset idempotent of S. 


B_ = {(0, 1, 10)} € S is also a subset idempotent of S. 


Example 2.48: Let 

S = {Collection of all subsets from the ring P = R x Zio x Z} be 
the subset semiring. S has several subset subsemirings which 
are not subset semiring ideals of S. 


M, = {Collection of all subsets from the subring 
T,; = {3Z x Zio x Z} Cc P} be the subset subsemiring of S. 


Clearly M, is not a subset semiring ideal. 


Take M, = {Collection of all subsets from the subring 
T2 = {5Z x Zio x Z} C P} be the subset subsemiring of S. 


Clearly Mp is not a subset semiring ideal of S. 
Let M3; = {Collection of all subsets from the subring 
T3 = (16Z x Zio x Z) C P} CS is only a subset subsemiring of S 


which is not a subset semiring ideal of S. 


We have infinite number of subset subsemirings in S which 
are not subset semiring ideals of S. 


Infact S has also subset semiring ideals for take 
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W, = {Collection of all subsets from the  subring 
L; =R x {0} x {0} c P} CS is the subset subsemiring which 
are also subset semiring ideals of S. 


Let W2 = {Collection of all subsets from the subring 
L2 =R x Zio x {0} CP} CS be the subset subsemiring which is 
also a subset semiring ideal of S. 


Let W3 = {Collection of all subsets from the subring 
L; = {R x {0} x 3Z} cS} be the subset subsemiring which is 
also a subset semiring ideal of S. 


Infact S has infinite number of subset subsemirings which 
are subset semiring ideals of S. 


Infact S has infinite number of subset zero divisors but only 
a finite number of subset idempotents. 


Example 2.49: Let 
S = {Collection of all subsets from the ring R = Z,; x Zj9 x Z23} 
be the subset semiring of finite order. 


S has subset subsemirings which are subset ideals however 
S has no subset subsemiring which is not a subset semiring 
ideal. 


However S has subset zero divisors and also subset 
idempotents. 


Example 2.50: Let 

S = {Collection of all subsets from the ring Z x Z, x Z;} be the 
subset semiring. This has only the following subset zero 
divisors. 


A = {(a, 0, 0)} and B = {(0, a, b)} in S are such that 
A x B= {(0, 0, 0)}. However number of subset zero divisors is 
infinite in number. 
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The subset idempotents are A; = {(1, 0, 0)}, Ao = {(0, 1, 
0)}, A3 a {(0, 0, 1)}, Ag > {(1, 1, 0)}, As = {(, 0, 1)} and 
Ao = {(0, 1, 1)} are the non trivial subset idempotents of S. 


We see {(0, 0, 0)} and {(1, 1, 1)} are trivial subset 
idempotents of S. 


Thus S has only finite number of subset idempotents. Also 
S has only finite number of subset units given by 
B, = {(, 1, 2)} and B. = {(1, 1, 4} e€ S is such that 
B, x Bp = {(1, 1, 2)} x {(1, 1, 4)} = {C1, 1, 1)} is a subset unit of 
S. 


B; = {(1, 1, 3)} and By = {(1, 1, 5)} in S is such that 
B; x Bg = {(1, 1, 3)} x {C0 1, 5)} = {C, 1, 1} is subset unit of 
S. 


Bs = {(1, 1, 6)} € S is such that Bs x Bs = {(1, 1, 6)} x 
{(1, 1, 6)} = {(1, 1, 1)} is a subset unit of S. We have only 3 
subset units in S though S is of infinite order. 


Example 2.51: Let 

S = {Collection of all subsets of the ring R = Q x Z) x Z7} be 
the subset semiring. S has infinite number of subset units and 
finite number of subset idempotents and subset zero divisors. 


However S has only finite number of subset semiring ideals 
but S has infinite number of subset subsemirings. 


Example 2.52: Let 

S = {Collection of all subsets from the ring R = ZS; x Z,S4 x 
Z,Ss} be the subset semiring. S is non commutative has subset 
zero divisors and has infinite number of subset subsemiring 
which are not subset semiring ideals. 


Now we give examples of infinite polynomial subset 
semirings of rings. 
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Example 2.53: Let 

S = {Collection of all subsets from the polynomial ring Z[x]} be 
the subset semiring. S has no subset zero divisors and subset 
idempotents. However S has infinite number of subset 
subsemirings and subset semiring ideals. 


Example 2.54: Let 

S = {Collection of all subsets of the ring Z\2[x]} be the subset 
semiring. S has subset zero divisors, subset units and subset 
idempotents all of which are finite in number. S has also subset 
semiring ideals as well as subset subsemirings. 


Example 2.55: Let 

S = {Collection of all subsets from the polynomial ring Z)9[x]} 
be the subset semiring. S has no subset idempotents, no subset 
zero divisors. But S has infinite number of subset subsemiring 
which are not subset semiring ideals. 


Example 2.56: Let 
S = {Collection of all subset of the ring (Z) x Z5 x Zj2)[x]} be 
the subset semiring. 


S has subset zero divisors. S has subset idempotents and 
subset units. S has infinite number of subset subsemiring and 
subset semiring ideals of finite number. 


Now having seen examples of subsets of rings of all types 
we now proceed onto define subset interval semirings of type I 
and study them. 


DEFINITION 2.2: Let S = {Collection of all subsets from the 
interval ring; M = {[a, b] | a,b & R; Ra ring}}. S under the 
operations of R is a subset interval semiring defined as the 
subset semiring of type I. 


We will first illustrate this situation by some examples. 
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Example 2.57: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € Z3}} be the subset interval 
semiring of type I. S is of finite order and is commutative. 


Example 2.58: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € Z,}} be the subset semiring. S 
is of finite order but S has subset zero divisors and subset 
idempotents. 


Let A = {[6, OJ} € S. Ae {[6, O]} x {[6, 0]} = {[0, 0]} so 
A is a subset zero divisor of S. 


Let B = {[0, 4]} € S we see 
B’ = {[0, 4]} x {[0, 4]} = {[0, 4]} =B is a subset idempotent of 
S. 


Take D = {[4, O]} © S; we see 
D x D = {[4, O}} x {[4, O]} = {[4, 0]} = D is a subset 
idempotent of S. 


Take E = {[4, 4]} © S; we see E x E=E so E is a subset 
idempotent of S. 


Also N, = {[0, 9]}, No = {[9, O]}, N3 = {[9, 9]} in S are all 
subset idempotents of S. Further N; = {[4, 9]}, No = {[9, 4]}, 
N3 = {[0, 4], [4 4], [4, 0], [0, 01}, Na = {[0, 0], [9, 9], [9, 0], 
[0, 91}, Ns = {[0, 0], [4, 9], [9, 4], [0, 9], [0, 4], [4, 0], [9, 0], 
[9, 9], [4, 4]} © S are all subset idempotents of S. 


Thus interval subset semiring has subset idempotents and 
subset zero divisors. Let V; = {Collection of all subsets from 
the interval ring 


W, = {[a, b] | a, b © {0, 2, 4, 6, 8, 10} Cc Zi2}} CS be the 
interval subset semiring. V, is a subset interval subsemiring of 
S. V, also has subset interval subsemiring, subset interval 
idempotents and subset interval zero divisors. Vj, is also a 
subset interval semiring ideal of S. 
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Example 2.59: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € C(Z»)}} be the subset interval 
semiring. 


S has subset subsemiring. T = {Collection of all subsets 
from the interval subring N = {[a, b] | a, b € {0, 2, 4, 6, ..., 24, 
26} < C(Zs)} C M} CS, is the subset interval subsemiring and 
T is also a subset semiring ideal of S. 


Take W, = {Collection of all subsets from the interval 
subring L; = {[a, 0] | a € C(Zos)} C M} CS is again a subset 
interval subsemiring as well as subset semiring ideal of S. 


W, = {Collection of all subsets from the interval subring 
L, = {[0, a] | a © C(Zys)} C M} CS be the subset interval 
subsemiring as well as subset interval semiring ideal of S. 


We see W, and W) are isomorphic as subset interval 
subsemirings. 


Example 2.60: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € Z(gi, go) where gy = 0, 
2 = 2, 212 = ogi = 0} be the subset interval semiring of 
infinite order. 


Clearly S has interval subset zero divisors, interval subset 
idempotents, interval subset subsemirings and interval subset 
semiring ideals. 


Example 2.61: Let S = {collection of all subsets from the 
interval ring M = {[a, b] | a, b € Zs(g), where g” = 0}} be the 
subset interval semiring. 


Take A = {[2, 4], [6, 0], [4, 4], [6, 2]} and 
B= {[4, 2], [4, 0], [6, 2], [4, 4]} €S. 


AxB = {[2, 4], [6, 0], [4 4], [6, 2]} = {4 2], [4, 0], 
[6, 2], [4, 4]} 
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=  {[0, 0], [4, 0], [0, 4], [4, 4]} eS. 


A+B 


([2, 4], [6, 0], [4 4], [6, 2]} + t[4, 2], [4, 01, 
[6, 2], [4, 4]} 


=  {[2,4] + [4, 2], [2, 4] + [4, 0], [2, 4] + [6, 2], 
[2, 4] + [4, 4], [6, 0] + [4, 2], [6, 0] + [4, 0], 
[6, 0] + [6, 2], [6,0] + [4, 4], [4,4] + [4, 2], 
[4, 4] + [4, 0], [4, 4] + [6, 2], [4, 4] + [4, 4], 
[6, 2] + [4, 2], [6, 2] + [4, 0], [6, 2] + [6, 2], 
[6,2] + [4, 4]5 


= {[6, 6], [6, 4], [6, 0], [2, 2], [2, 0], [4, 2], 


This is the way operations on S are performed. However S 
is of finite order. 


Example 2.62: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € Q}} be the interval subset 
semiring of M. S is of infinite order. S has subset interval units 
but no subset interval idempotents. 


S has trivial subset interval idempotents like A; = {[0,0]}, 
Az = {[1,1]}, Az = {[0,0], [1,1]}, Ay = {[0,1]}, As = {[1,0]}, 
Ao = {[0,0], [1,0]}, A7 = {[0,0], [0,1]}, As = {[0,0], [1,0], [0,1]} 
and Ag = {[0,0], [1,1], [0,1], [1,0]}. 
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S has subset interval zero divisors. S has also subset 
interval subsemirings which are subset interval semiring ideals 
as well as subset interval subsemirings which are not subset 
interval semiring ideals. 


Take P = {Collection of all subsets from the subset interval 
subring N = {[a, b] | a, b € Z} C M} CS be the subset interval 
subsemiring of S. Clearly P is not a subset interval semiring 
ideal of S. 


Further T = {Collection of all subsets from the interval 
subring L = {[a, 0] | a ¢ Q} C M} CS is again a subset interval 
subsemiring which is also a subset interval semiring ideal of S. 


Take B = {[5, 0], [7/3, O], [8, 0], [-7, 0]} and A = {[0, 5], 
[0, 11] [0, 17/5], [0, 5/3], [0, -10]} in S, we see A x B = {[0, O]} 
infact S has infinite number of interval subset zero divisors. 
Likewise let A = {[7, 2]} and B = {[1/7, 1/2]} € S, we see 
A x B= {[1, 1]} is the subset interval unit in S. 


S has infinite number of subset unit intervals, however the 
cardinality of all the sets which contribute to subset interval 
units are only singleton sets. 


A = {[3/2, 9/17]} and B = {[2/3, 17/9]} © S is such that 
A x B= {[3/2, 9/17]} x {[2/3, 17/9]} = {[1, 1]}. 


Example 2.63: Let S = {Collection of all subsets from the 
interval subring M = {[a, b] | a, b © Zs x Zi} = {[(as, ao), (b1, 
by)] | a1, b) € Zs and a, by € Zj2}} be the subset interval 
semiring of M. S has subset interval zero divisors and subset 
interval units. S is of finite order. 


The operations of S are performed in this way. 


If A= {[G, 9), (2, 0)], [2, 0), (4, 0)], [(0, 0), C1, 0)]} and 
B= {[(0, 7), (0, 2)], [, 9), (0, 0)1, [(0, 6), (0, 5)]} € S. 
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We find 


A+B 


(LG, 0), (2, 0)], [(2, 0), (4, 0)], [(0, 0), C1, O)]} + 
tL, 7), 0, 2)], LO, 9), (0, 9)1, [, 6), (0, 5)]5 


{[G, 0), (2, 0)] + [©, 7), ©, 2)], [G, 9), (2, 9)] 
+ [(0, 9), (0, 0)], LG, 0), (2, 0)] + [, 6), (0, 5)], 
[(2, 0), (4, 0)] + [0, 7), (0, 2)], [2, 0), (4, 0)] + 
[(0, 9), (0, 0)], [(2, 9), (4, 0)] + [0, 6), (0, 5)], 
[(0, 0), (1, 0)] + [(, 7), (0, 2)], LO, 9), C1, 9)] 
+ [(0, 9), (0, OJ], [€0, 0), (1, 0)] + [(0, 6),(0, 5)]5 


LG, 7), (2, 2)], 1G, 9), (2, 1, [G. 6), (2, 5)], 
[(2, 7), (4, 2)], [(2, 9), (4, 0D], [2, 6), (4, 5)I, 
[(0, 6), (1, 5)], [(, 9), (1, 91, [0, 7), C1, 3)]} 


isin S. 


This is the way operation + on S is performed. 


In case of product in this case we see 
A x B= {[(0, 0), (0, 0)]} that is a subset interval zero divisor. 


Let A = {[(3, 4), (2, 5)], [(3, 9), (3, 7)]} €S. 


AxA = 


This is the 


{[G, 4), (2, 5)] x [G, 4), 2, 5)], [G, 4), 2; 5)] 
x [G, 0), 3, 7)], [G, %), GB, 7] x [G, 9), GB, 7), 
[(3, 0), (3, 7)] x [G, 4), 2, 5 


{L(4, 4), (4, DI, [(4, 0), Cd, 1D], (4, 9), 4, DI 
eS. 


way product is performed on S. S has subset 


interval subsemirings subset interval semiring ideals. 


Example 2.64: 


interval ring M 
semiring of M. 


Let S = {Collection of all subsets from the 
= {[a, b] | a, b © Z) S4}} be the subset interval 
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Let 
A ={[5g\ + 3g or 1, 6g3 at 8], [9g53 + 10, 11 g50 + 6212 + 1]} eS 
where S4= {e = 1, 1, 2, ..., 3}. AxA ES. 


At+A = {[5g1 + 3g + 1, 683 oe 8], [9g>3 + 10, 11g59 + 
6gi2 + 1} + {[5gi + 3g. + 1, 6g3 + 8], 
[9g3 + 10, 11 g29 + 6gi2 + 1]} 


= {[5g, + 3g. + 1, 6g3 + 8] + [Sg, + 3g. + 1, 
6g3 + 8], [Sgi + 3g2 + 1, 6g3 + 8] + [9g23 + 10, 
11229 + 6gi2 + 1], [9g23 + 10, 11 g20 + 6gi2 + 1] + 
[903 + 10, 11g50 + 6812 7 1], [953 a 10, 11g50 + 
6gi2 + 1] + [5g: + 3g) + 1, 6g3 + 8]} 


= {[10g; + 6g) + 2, 4], [9g23 + 5g1 + 3g. + 5, 
11go9 + 6g3 + 6g12 + 9], [6223 + 8, 10g20 + 2]} € S. 
This is the way operations are performed on S. 
Example 2.65: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € Z(S(3)), the semigroup ring of 
the symmetric group S(3) over the ring Z}} be the subset 


interval semiring. 


We see for any 


Pos 1 2 3 
A= {[3+5 +10 ,4+ 
213 321 
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Find 
1 2 3 12 3 
A+B = {345 +10 hs 
2 1 3 2 
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12 3 1 
= {[12+5 +8 
2 1 3 3 
12 3 12 3 a 
6 +3 is in S. 
2 3 1 3 1 2 


This is the way ‘+’ operation is performed on S. 
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This is the way the product operation x is performed on S. 


S can have subset interval zero divisors, subset interval 


units, subset interval subsemirings and subset interval semiring 
ideals. 
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“(02 3623] 


which is the interval subset unit of S. 


We have only finite number of interval subset units. 


12 SVL 2 3 
We call {[1, 1]} = {( 5 AP . | as the 


interval subset identity in S with respect to product. Likewise 
{[0, 0]} € S is defined as the additive subset interval identity of 
S. 


We see for every A € S. 


(10, OJ} +A =A + {[0, O]} =A and 
Ax ffl, I] ={[1, 1} x A=A forall A €S. 


Now having seen examples of subset interval semirings of 
interval rings commutative or otherwise proceed on to describe 
more properties in case by using the basic interval ring as a non 
commutative ring. 


Example 2.66: Let S = {Collection of all subsets from the 
interval group ring M = j[a, b] | a, b © Zy4 Doo where 
Dy» = {a, b | a’ = b’ = 1, bab = a}}} be the subset interval 
semiring of M. Clearly S is a non commutative subset interval 
semiring. 


We can have subset interval right ideals in S which are not 
subset interval left ideals of S. Also S have subset interval 


semiring ideals. 


If A = {[a, b]} and B = {[b, aJ]} € S. 
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AxB = {[a, b]} x {[b, a]} 


= {{La, b] x [b, a]} 
= {[ab, ba]} oe I 


Consider 


BxA = {[b, a]} x {[a, b]} 
{[b, a] x [a, b]} 
{[ba, ab]} ae I 


ll 


Clearly I and II are distinctas Ax B # BxA. 
Thus S is non commutative subset interval semiring. 
If A = {[a, b]} and B = {[a, b*]} € S we have 

AxB = {[a, b]} x {[a, b*]} 


[a, b] x [a, b*]} 


= 
= {[a’, b’}} = {[1, 1]} asa’ =1 andb’=1. 


Let A = {[1, b°]} and B = §[1, b*]} € S; now 
Ax B= {[1, b°)} x {{1, b*}} = (1, bh} = {[1, 1} 
(as b’ = 1) 


Thus we have subset interval units in S. 


Further if A = {[0, 1 + b’ + ab]} and 
B= {[4+ab + ab’, O]} €S. 


We getAxB = {[0,1+b*+ab]} x {[4+ab + ab’, O]} 
= {[0x4+ab+ab’, 1+b’+ab x 0]} 
{ 


is a subset interval zero divisor of S. 
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Example 2.67: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b © Z, S3}! be the subset interval 
semiring. S has subset interval units, subset interval idempotents 
and subset interval zero divisors. Further S has subset interval 
subsemirings and subset interval semiring ideals. 


Now having seen examples of all these we now proceed on 
to describe interval matrix rings by some examples. 


Example 2.68: Let S = {Collection of all subsets from the 
interval ring M = {[a, b] | a, b € (Zs U I)}} be the subset 
interval semiring. S has subset interval zero divisors. 


S has subset interval units and S has subset interval 
subsemirings and S has subset interval idempotents. S has 
subset interval subsemirings that are subset interval semiring 
ideals. 


Now having seen examples of interval subset semirings of 
interval rings; we now proceed onto describe subset interval 
semirings of interval matrix rings. 


Example 2.69: Let S = {Collection of all subsets from the 
interval matrix ring M = {([a), bi], [a2, bo], [a3, b3], [a4, b4]) | ai, 
b; € Zi; 1 <1 < 4}} be the subset interval matrix semiring of 
the interval matrix ring M. 


S has subset interval zero divisors, subset interval 
idempotents, subset interval units, subset interval subsemirings 
and subset interval semiring ideals. 


Example 2.70: Let S = {Collection of all subsets from the 
interval matrix ring M = {({a), bi], [a2, b2]) | a, bi € Zo; 
1 <i<2}} be the subset interval matrix semiring. 


Let A = {([2, 0], [0, 4]), ([4, 0], [1, 2])} and 
B= {([4, 3], [1, 5])} €S. 
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Now 


A+B = <([2, 0], [0, 4]), ([4, 0], [1, 2D} + (4, 3], [1 5D} 
= {([2, 0], [0, 4]) + (4, 3], [1, 5), (4, 0], (1, 2]) + 
([4, 3], [1, 5])} 
=4((0,:3]; Hs. 3)),(2;.31, [2,.1D} <8: 
We find 
AxB = {({2, 0], [0, 4), (4, 01 [1 2D} x44, 31 LL 5D} 


= {([2, 0], [0, 4]) x (4, 3], [1, 5), (4, 0} [1 2D x 
([4, 3], F1, SDs 


= {([2, 0] x [4, 3], [0, 4] x [1, 5), (4, 0] = [4, 3], 
[1,2] x [1, 5)} 


= {([2, 0], [0, 2]), ([4, 0], [1, 4])} is in S. 
This is the way operations on S is performed. 
We see S has subset interval zero divisors. 
Take A = {([3, 0], [0, 4])} and B = {[0, 5], [2, 0])} €S. 
We see A x B = {([0, 0], [0, 0])} so A and B are subset 
interval zero divisors. ([0, 0], [0, 0]) is defined as the subset 


interval zero or subset interval additive identity. 


Similarly ({1, 1], [1, 1]) in S is the multiplicative subset 
interval identity of S. 


For take A = {(([5, 1], [1, 5)} € S. 


Further A x A = {([1, 1], [1, 1])}; thus A is a subset interval 
unit of S. 
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B= {(65, 5], [1, 1]))} © S, we find B x B= {((1, 1], [1, 1))} 
is the subset interval unit of S. 


Example 2.71: Let S = {Collection of all subsets from the 
interval matrix ring 


[a,,b,] 
M= 4|[a,,b,] || ai, bi € Z7, 1 Si <3}} 
[a;,b;] 


be the subset interval semiring of the interval matrix ring M. 


We see S has subset interval zero divisors and subset 
interval idempotents and so on. 


[3,1] [5,1] 
Take X = 4} [1,2]]; and Y = 4| [1,4] ]> €S. 
[6,1] [6,1] 
[3,1] [5,1] 
Now Xx Y= 4/ [1,2] |? x 3} [14] 
[6,1] [6,1] 
[3,1] | | [5,1] 
= 4] [1,2] |x| [1,4] 


Il 
— 
Mm 
N 


Further X and Y are inverses of each other that is they are 
subset interval units of S. 
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1,1 
[a is the subset interval unit of S. 


We now give some subset interval zero divisors of S. 


[3,0] [0,5] 
Let A= 4|[6,0]|$ and B= 4 [0,1] |} €S. 
[0,2] [6,0] 


[3,0]x[0,5] 
= | [6,0] x[0,1] 
[0,2]x[6,0] 


[0,0] 
= 4} [0,0] |$. 
[0,0] 


[0,0] 
Thus S has subset interval zero divisors and [e 0] |> is the 
[0,0] 


subset interval zero of S. 
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[4,3] 
Consider A = and B = <| [0,2 eS. 
[1,6 
[0,0] 
A+B= = «| [0,0] 
as 1,6 [0,0] 


Example 2.72: Let S = {Collection of all subsets from the 
interval matrix ring 


[a,,b,] [a,,b,] 
b b . 
Ma J] sPsd CaP) og ez risa} 
[a;,b,] [a¢,b,] 


[a,,b,]  [ag,bg] 


be the subset interval matrix semiring. 


Clearly S is a subset interval matrix zero divisors but S has 


no non trivial subset interval matrix units in S. 


We give some subset interval zero divisors of S. 


[0,1] [6,0] 
Take A= LOO} [7,0] and 
[-1,1] [-1,0] 


[8,0] [-7,0] 
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[1,0] [0,8] 

[8,-19] [0,25] 
[0,0]  [0,-28] 

[0,-15] [0,25] 


[0,0] [0,0] 
[0,0] [0,0] ; 
AxB = € Sis such that 
[0,0] [0,0] 
[0,0] [0,0] 


A xB isa subset interval zero divisor of S. 


Example 2.73: Let S = {Collection of all subsets from the 
interval matrix ring 


ad hie epee as b Zig, 1 SiS 4¥} 
aeiNasell s 


be the subset interval matrix semiring of M. 


S has subset interval zero divisors, S has subset interval 
idempotents, S has subset interval units, S has subset interval 
subsemiring and subset interval semiring ideals. 


Take 


b b 
P= FE [a | a, by € 2Zae = {0, 2, 4, 6, 8, «+, 
[a,,b;] [a,4,b,] 


344, 1<i<4}CM. 


T = {(Collection of all subsets from the interval matrix 
subring P} Cc S is a subset interval subsemiring and T is also a 
subset interval semiring ideal of S. 
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taa= 09 O27 an [12 2} og 
[4,5] [3,0] [1,2] [8,6] 
We find both A+ B and A x B. 


Consider 


tie ee al ne al 
|[4,5] [3,0] [1,2] [8,6] 

_ {[[0,6]+[2,4] [7,2]+[9,2] 

~ |L[4,5]+02] 3.0]+[8,6] 


(pose al 

= eS 

| [5.7] [11,6] 

oe ee Hal . Ae al 
[4,5] [3,0] [1,2] [8,6] 


ss [0,6]x[2,4] [7,2]x[9,2] 
[4,5]<[1,2] [3,0] x[8,6] 


5 [0,24] [27,4] R 
[4,10] [24,0] . 


This is the way operations are performed on S. 


Clearly S is a commutative subset interval semiring of finite 
order. 


ra 61 Gor} 
[4,9] [12,3] 
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6,3] [12,0 
and B= le3] eS 
[9,4] [3,12] 


0,0] [0,0 
axpe {lO (0), 
[0,0] [0,0] 
thus A is a subset interval zero divisor of S. 


Now consider A = ee | eS 


[1,1] = [1,35] 


(EO [ey : 
AxA= ; thus A is the subset interval unit 
[1,1] [1.1] 


° > 


[0,1] [11] ' ; 
A= e€ S is such that A x A = A is a subset 
[0,1] [1,0] 


interval idempotent of S. 
Thus S has subset interval idempotents. 


Example 2.74: Let S = {Collection of all subsets from the 
interval matrix ring 


M= (ee [a,,b,] [a,,b, ] [a,,b,] 


ai, bj € Zis, 
[a,b] [desde]. [a,sb5] [ayy] 


1<i<8}} 
be the subset interval matrix semiring. 
It is easily verified S has subset interval units, subset 


interval idempotents, subset interval zero divisors, subset 
interval subsemirings and subset interval semiring ideals. 
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We can have subset interval matrix semirings both of finite 
and infinite order. 


We can have subset interval matrix semirings both 
commutative and non commutative. We will provide a few 
examples of non commutative subset matrix interval semirings. 


Example 2.75: Let S = {Collection of all subsets from the 
interval matrix ring 


| [a,,b,] | 
[a,,b, ] 
M= }| [a;,b,] || ai, bi € Z4S3; 1 <i < 5}} 
[a,,b,] 
| [a;,b5] | 


be the subset interval matrix semiring. 


Clearly S is non commutative subset interval matrix 
semiring of finite order. 


S has subset interval zero divisors. 


S in general is non commutative. 


[0,g,] [0,2] | 
[g.8>] [g,.25] 
Take A = 4| [g,,0] |; and B= 4] [g,,0] |} €S. 
[g;.1] [0,5] 
L[gi-83] [2.24] | 
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We find A x B 


[0,g,] | [0.g,] | 
[gg] [g,.25] 
[g.,0] |r x 4] [g3,0] 
[g;.1] [0,g5 ] 
[1.83] | [2.84] | 
[0,g,]<[0,g,] 
[g,2,]x[g..g3] 
= 4| [g2.0]<[g;,0] 
[g;,1][0,g,] 


[g,.23]<[g2.24] 


a 1 O° 3 C3 
ere 2; = > 22 » 23- 
Il a ola. 5 ap 
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Now we find B x A 

[ (0,2, ] | [0,2] | 
[g,>83] [g.g>] 
[g,,0] |r x 5] [g,,0] 
[0,85 ] [g3.1] 


[82.84] [[g,.23] | 


| [0,g,]x[0,g,] | 
[g,.g;]x[g.g>] 
[g,,0]x[g,,0] 
[0, 2; ]x[g;.1] 
L[g..84]*[g1.83] | 


[ [0,g,] ] 
[84.84] 
= [g,,0] . I 
[0,g5] 
[24.21] | 


Land II are distinct. 


Thus A xB #4BxA. 


So S is not a commutative subset matrix semiring. 
Now we find 


A+B 
[ [0.g,] [9,g,] 

[g.g>] [g,.23] 

= 4! [g..0] |r + 4) [23,0] 

[g;.1] [0,25] 

[21.83] [2,84] 
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[0,g,+8)] 

[g, + 8.8. +8;] 
= [g, +g;,0] 
[g,,1+2,] 

[+ 8,.8,+2,] 


This is the way ‘+’ operation is performed on S. 


Example 2.76: Let S = {Collection of all subsets from the 
matrix interval ring 


[a,,b,] [a,,b,] 


[a;,b,] — [a,,b,] 


M= a,b; € QS7;1<i1<24}} 


[a,3,b,]  [Ay4,b24] 


be the subset interval matrix semiring of infinite order which is 
non commutative. 


This has interval subset units, interval subset zero divisors, 
interval subset idempotents, interval subset subsemirings and 
interval subset semiring ideals. 


Example 2.77: Let S = {Collection of all subsets from the 
interval matrix ring 


—_ (ee [a,,b, ] fap a a;, b; € (QU IDD313, 


[a,,b,] [agsbg] ... [a,2,b,.] 


1<i<12}} 


be the subset interval matrix semiring of M. 
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S has interval subset units, interval subset idempotents, 
interval subset zero divisors, interval subset subsemirings and 
interval subset semiring ideals. 


Clearly S is non commutative of infinite order. 


Example 2.78: Let S = {Collection of all subsets from the 
interval matrix ring 


[a,,b,] [a,,b,] [a3,b5] 
M= 35|[a,,b,] [a;,b;] [a¢,b,]}} ai, bi € (Zs x Z7 x Zi1) 
[a,,b,] [ay,b,] [a,,b,] 
(S(5)); 1 sis 9}} 


be the subset interval semiring. 


S has subset interval matrix subsemiring, subset interval 
zero. divisors, subset interval units and subset interval 
idempotents. 


Example 2.79: Let S = {Collection of all subsets from the 
interval matrix ring 


M= : ai, b; € Z(S3 x Ay); 1 <i < 10}} 


[aiobi0] 


be the subset interval semiring which is of infinite order but non 
commutative has infinite number of subset interval zero 
divisors. 


Now having seen examples of finite and _ infinite 
commutative and non commutative subset interval matrix 
semirings we now proceed onto study subset interval 
polynomial semirings built over interval polynomial rings. 
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Example 2.80: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, b; € Zs[x]} } 


m= {Sah 


i=0 


be the subset interval polynomial semiring. 
Clearly S is commutative and is of infinite order. 


Let A = {[3, O]x® + [2, 1]x’ + [3, O]x} and 
B= {[2, 4]x’ +[1, O]} €S. 


We find 
A+B 
= {[3, O]x? + [2, 1]x? + [3, O]x} + {[2, 4]x’ + [1, 0]} 


= {[3, O]x? + [2, 1] + [2, 4]x* + [1, 0], [4, 1]x* + 
[3, O]x +[2, 4] x” +[1, O}} 


= {[3, O]x? + [2, 4]x* + [3, 1], [1, 0]x* + 
[3, O]x + [1, 0]} is in S. 


This is the way the operation of “+’ is performed on S. 
We find 
AxB 

= {[3, O]x* + [2, 1]x? + [3, O]x} x {[2, 4]x’+ [I, O]} 


= {([3, O]x* + [2, 1]) x ([2, 4]x° + [1, 0]) ((4,1]x° + 
[3, O}x) ([2, 4]x° + [1, 0} 
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= {([3, 0] x [2, 4] x° + [2, 1] x [2, 4]x’ + [3, 0] x 
[1, O]x* + [2, 1] x [1, O}), [4 1] x [2, 4] x* + [3, 0] 
x [2, 4]x? + [4, 1] x [1, 0] x” + [3, 0] [1, O]x} 


= {[1, 0] x° + [4, 4]x° + [3, O]x? + [2, 0], [3, 4]x* + 
[1, O]x* + [4, O]x” + [3, O]x} € S. 


This is the way operation of product is performed on S. 
We find subset interval polynomial subsemirings of S. 


Take P; = {Collection of all subsets from the interval 


polynomial subring 


a, € Z[x]}} CS 


M= {tao 


be the subset interval polynomial subsemiring of S which is also 
a subset interval polynomial semiring ideal of S. 


Now P, = {Collection of all subsets from the interval 


polynomial subring 


M> = | 5 [0,a, ]x'la; € Zs[x]}o M$} cS 


be the subset interval polynomial subsemiring of S. P» is a 
subset interval polynomial semiring ideal of S. 


We see P; x P2 = {[0, 0]}. Thus they annihilate each other. 


In view of this we see we have an infinite collection of 


subset interval polynomial zero divisors. 


For every A € P;, and B € P) we have A x B = {[0, O]}. 
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Example 2.81: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, bj € Zi2[x]}} 


M= [Eten kx 


i=0 


be the subset interval polynomial semiring. S has infinite 
number of subset interval polynomial zero divisors. 


Infact S has two interval subset polynomial semiring ideals 
P, and P, with P; x P. = {[0, 0]} both of them are of infinite 
order. 
Example 2.82: Let S = {Collection of all subsets from the 


interval polynomial ring 


a;, b; € Z[x]}} 


M= | [a,,b, ]x' 
i=0 


1 


be the subset interval polynomial semiring of infinite order. 
This S also has infinite number of subset interval polynomial 
zero divisors. 


This S also has two subset interval polynomial semiring 
ideals P,; and P with P, x P2 = {[0, 0]} and P; > P2 = {[0, OJ}. 
This sort of ideals are also prevalent in subset interval matrix 
semirings. 


Example 2.83: Let S = {Collection of all subsets from the 
matrix ring 


[a,,b,] 


[a,,b,] 


M= ai, b; € Zio, 1 <1 < 9}} 


[ay,by] 
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be the subset interval matrix semiring. 


Take P; = {Collection of all subsets from the interval matrix 
subring 


M, = ai € Zi6, 1 $156} CM} CS. 


[a,,0] 


Clearly P; is a subset interval matrix subsemiring which is 
also a subset interval matrix semiring ideal of S. 


Consider P, = {Collection of all subsets from the interval 
matrix subring 


[0,b, ] 


[0,b, ] 


M2 = a;, b} € Zi65 1 S16} CM} CS 


[0, b, ] 


be the subset interval matrix subsemiring. 


P, is also a subset interval matrix semiring ideal of S. Thus 
P, x Po = {[0, O}} and P; OP; = {[0, O]}. 


Example 2.84: Let S = {Collection of all subsets from the 
interval matrix ring M = {([aj, bi], ..., [ais, bis]) | ai, bi € Zaz, 
1 <i< 18} be the subset interval matrix semiring of the interval 
matrix ring M. 


P; = {Collection of all subsets from the interval matrix 
subring M; = {([a1, O], ..., [aig, OJ) | are Z43, 1 Si < 18} CM} Cc 
S be the subset interval matrix subsemiring which is also a 
subset interval matrix semiring ideal of S. 
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P, x Ps = {[0, OJ} and P, A P2 = {[0, OJ}. 


Example 2.85: Let S = {Collection of all susbets from the 
interval matrix ring 


[a,.b,]  ... [ays bio] 
M= [a,,.b,,] isle leans On| ais b; E Z1443 1 <i<30}} 


[a5,.b.,] «- [as9>b59] 


be the subset interval matrix semiring. 


Let P, = {Collection of all subsets from the interval matrix 
subring 


Mi = 4} [a0]... [as9,0] || a: € Ziaaz 1 $i <30} CM} CS 


be the subset interval matrix subsemiring of S which is also a 
subset interval matrix semiring ideal of S. 


Consider P; = {Collection of all subsets from the interval 
matrix subring 


[Osay |]: vc: [Os856] 
Mp = 4|[0,a,,] ..- [0,59] ]} ai © Zi4g3 1 Si < 30} CM} CS 


[O,a5;]. +» [O,a,6] 
be the subset interval matrix subsemiring of S. 
P, is also a subset interval matrix semiring ideal of S. 


P, x Py = {[0,0]} leading to infinite number of subset 
interval matrix zero divisors. Further P; ~ P2 = {[0,0]}. 
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In view of all these we have the following interesting 
results. 


THEOREM 2.5: Let S = {Collection of all susbets of the interval 
matrix ring M = {A = ([aj, by) | ay, bj € R; Ra ring or a field 
and A is an xm interval matrix 1 <i <nand 1 <j <m}} be the 
subset interval matrix semiring of M. 


S has atleast two subset interval matrix semiring ideals say 
P, and P) such that P; x P2 = {([0, OP nxn ; zero matrix} = P; A 
Po. 


Proof is direct and hence left as an exercise to the reader. 
THEOREM 2.6: Let S = {Collection of all subsets from the 


interval polynomial ring 


a; b; € Ra ring}} 


i=0 


M= [Sant 


be the subset interval polynomial semiring. S has atleast two 
subset interval polynomial semiring ideals. P; and P> such that 
P, x P2 = {[0,0]} and P; A P2 = {[0,0]}. 


The proof is direct and hence left as an exercise to the 
reader. 


We have given examples to this effect. 


We now give examples of subset polynomial interval 
semiring of finite order. 


Let us define in a polynomial ring in the variable x in which 
we take x" = 1; na finite an integer. 


Example 2.86: Let S = {Collection of all subsets from the 
interval polynomial ring 
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ai, b; € Zo430 <i<nandx™! =1;n<o}} 


M= [Stenbie 


i=0 


be the subset interval polynomial semiring of M. Clearly S is of 
finite order. 


Even in this S we have two distinct subset interval 
polynomial semiring ideals using 


ai, 0 € Zo4} CM 


M, = {Sta.o1e 


i=0 


where P, = {Collection of all subsets from the interval 
polynomial subsemiring of M;} cS and P, = {Collection of all 
subsets from the interval polynomial subsemiring 


bi € Zy4} CM} CS; 


Mb = [Zio Ix 


i=0 


both P, and P, are subset interval polynomial semiring ideals of 
S. 


0(P;) = 0 (P2) < © with P, x P» = {[0, OJ} and 
P, A P>= {[0, OJ}. 


This is the way we can construct finite subset interval 
polynomial semirings. 


Example 2.87: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, bj € Z12,0<i<5,x°=1}} 


M= [Dla 


i=0 


be the subset interval polynomial semiring of finite order. S has 
subset interval zero divisors, subset interval idempotents and 
subset interval units. 
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S has subset interval polynomial subsemirings as well as 
subset interval polynomial semiring ideals. 


Example 2.88: Let S = {Collection of all subsets from the 
interval polynomial 


a; b; € Z.S3, 0<i< 7, x®=1}} 


M= [Dla 


i=0 


be the subset interval polynomial semiring of finite order. S is a 
non commutative interval polynomial semiring. 


This S also has subset interval units, subset interval 
idempotents, subset interval zero divisors, subset interval 


polynomial subsemiring and subset interval polynomial 
semiring ideals. 


1 2-3) 4 2 3 > 3 
LetA = {[2 3 + x+ 
2 he A Bye 


and 


ee) 
lI 
+ aoe 
ara | ie) 
tS 
wore NO 
— bv jet ORD 
NO Ww 
WwW WwW 
— + 
Ww oN 
Wo — 
NO N 
NY WN 
me Ww 
SY me WD 
is eee 4 
HS = 
n 
wa N 
\ aN 
No — 
me N 
Ww WwW 
4 
| i | 
N 
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First we find 
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This is the way addition is performed in S. 


We find 


e 2 4 ' } ) i a ‘| 
AxB = {[2 53 + x+ 
a 132 ae a | 
ree bares 
[0, 4 , [4,3 +4+ 
a | 3 1 2 
Aone, + [5,0 aoa 
5 a Gil eee AE soa 


| ara 
a. 
Ww 
— N 
NO Ww 
NE” 
, 
Wo 
NY N 
me WwW 
eee 
Ld 
U,__-—’ 
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Ww N 
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12 3 1 2 3 12 3 7 
= {4 ,4 +2 x + 
13 2 2 3 1 13 2 
L.- 23 ads 23 ; 1 2 3 
[0, 4 +9 x’ +[2 ; 
2 3 1 13 2 2 3 1 


I «283 5 1 - 2:03 1. -23 
+ ,O]x +[4 3 = 
ce | 3 1 2 1S Be 2 
Le 2 3 to o2: 3 
4 +2 x} eS. 
3) 2 A 2. 3 


This is the way product is performed on S. 
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It is left as an exercise for the reader to prove that in S. 
Ax B+#B~x A, in general for A, B € S. 


Example 2.89: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, b; = Z12 Dy, x= 1, 0<i<9}} 


M= [Diast }x' 


i=0 


be the subset interval polynomial semiring of finite order, S is 
clearly non commutative. 


Example 2.90: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, bj € C((Zi9 U I) S7} 


M= {Zta.bas 


i=0 


be the infinite non commutative subset interval polynomial 
semiring. 


Example 2.91: Let S = {Collection of all subsets from the 
interval polynomial ring 


as bk ZS 3; O51 219,x" = 1) 


M= (Sta. kx 


i=0 


be an infinite subset interval polynomial non commutative 
semiring. 


Clearly S has subset interval zero divisors which are infinite 
in number. 


S has no nontrivial subset interval idempotents other than 
A= {[0, 1]} and B = {[1, 0]} inS. 
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Example 2.92: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, bi € (ZU T)) SGB)}} 


M= {State 


i=0 


be the subset interval polynomial semiring. S has infinite 
number of zero divisors. 


It has infinite number of subset interval polynomial 
subsemirings and subset interval polynomial semiring ideals. 


Example 2.93: Let S = {Collection of all subsets from the 
interval polynomial ring 


a;, b} € (ZU T))\(S3 x D7) } } 


M= [Diab 


i=0 


be the subset interval polynomial semiring. 


S has subset interval zero divisor, subset interval units, 
subset interval idempotents and subset interval polynomial 
subsemirings. Further S is a non commutative subset interval 
polynomial semiring. 


Example 2.94: Let S = {Collection of all subsets from the 
interval polynomial ring 


3 
M= [a,b, x’ x4 > 1, ai, b; e C(Z3) (g1, 2) g; = 0, gs = 2, 
i=0 


1 


2182 = Hgi = 0, <1 <3}} 


be the subset interval polynomial semiring. 


S is of finite order commutative has subset interval zero 
divisors and subset interval units. 
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However A; = {[0, go]} , Ao = {[g2, go]} and A3 = {[go, O]} 
are some of the interval subset idempotents of S. 


Bi = {[g2, 1]}, Bo = {[1, g2]}, Bs = {[0, 1]} and By = {[1, 
0]} are also interval subset idempotents of S. 


Example 2.95: Let S = {Collection of all subsets from the 
interval polynomial ring 


ai, bi € (Zis UT) S4}} 


M= [Diasd ]x' 


i=0 


be the subset interval polynomial semiring of infinite order 
which is non commutative. 


Now having seen examples of subset interval polynomial 
semirings of finite and infinite order and subset interval matrix 
semirings we now propose some problems for the reader. 


Problems : 


1. Let S = {Collection of all subsets from the ring Z,4} be 
the subset semiring of the ring Z>4. 


(i) Find o(S). 

(ii) | Find subset zero divisors of S. 
(iii) Find subset idempotents of S. 
(iv) Find subset units of S. 


2. Let S; = {Collection of all subsets from the ring 
R=Z). x Zoo} be the subset semiring of the ring R. 


Study questions (1) to (iv) of problem 1 for this S,. 


3. Let S, = {Collection of all subsets from the ring R = Z,(g) 
with g” = 0 } be the subset semiring. 


Study questions (1) to (iv) of problem 1 for this S. 
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Let S3 = {Collection of all subsets from the neutrosophic 
ring (Z> U I)} be the subset neutrosophic semiring of the 
neutrosophic ring (Z. U I). 


Study questions (1) to (iv) of problem 1 for this S3. 


Let S, = {Collection of all subsets from the neutrosophic 
finite complex modulo integer ring R = C ((Zp4 U I))} be 
the subset finite neutrosophic complex modulo integer 
ring. 


Study questions (1) to (iv) of problem 1 for this S4. 


Let Ss = {Collection of all subsets from the ring 
R= C(Zis) (gi, 2) where g} = 0, g3= g, gig. = Hgi = 0} 
be the subset finite mixed dual complex semiring of R. 


Study questions (1) to (iv) of problem 1 for this Ss. 


Let S = {Collection of all subsets from the ring 
R=C(Zy UD) (g), g = 0} be the subset semiring. 


Study questions (i) to (iv) of problem 1 for this S. 


Let S = {Collection of all subsets from the ring Z4;} be 
the subset semiring of Z,s. 


(i) Find o(S). 

(ii) Find all subset subsemirings of S. 

(iii) Find all subset semiring ideals of S. 

(iv) Find all subset subsemirings which are not subset 
semiring ideals of S. 


Let S; = {Collection of all subsets from the ring Z;, x Z7} 
be the subset semiring. 


Study questions (i) to (iv) of problem (8) for this S;. 
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10. 


Let S» = {Collection of all subsets from the ring Z2S, } be 
the subset semiring of S. 


Study questions (1) to (iv) of problem (8) for this S». 


Let S = {Collection of all subsets from the ring ZS3} be 
the subset semiring. 


Study questions (i) to (iv) of problem (8) for this S. 


Let S = {Collection of all subsets from the ring 
C((Zi2 U I))} be the subset semiring. 


Study questions (1) to (iv) of problem (8) for this S. 


Let S = {Collection of all subsets from the ring C(Z);) (g1, 
22); gi= 0, go> 2, 218. = Lg = O} be the subset 
semiring. 


Study questions (1) to (iv) of problem (8) for this S. 


Let S = {Collection of all subsets from the ring Z4o (g1, 22, 
83); = 0, 85= &, B;= 83 with gig; = gigi = 0 if i ¥j, 
1 <i, j <3} be the subset semiring. 


Study question (i) to (iv) of problem (8) for this S. 


(i) Can S have subset units? 

(ii) Can S have Smarandache subset units? 
(iii) Can S have subset idempotents? 

(iv) Can S have subset S-idempotents? 


Find all subsets semiring ideals of and Smarandache 
subset semiring ideals of 

S = {Collection of all subsets from the ring Z4s}, the 
subset semiring of the ring Zug of type I. 


16. 


19. 


20. 
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Find all subset subsemirings of 

S = {Collection of all subsets from the ring Z35} the 
subset semiring of Z35 which are not subset semiring 
ideals of S. 


Find all the subset subsemirings of 

S = {Collection of subsets of the ring Zs) x Zo}; the 
subset subsemiring which are not subset semiring ideals 
of S. 


Let S = {Collection of all subsets from the ring 
Zo x Z\2 x Zo} be the subset semiring. 


(i) Find o(S). 

(ii) Find all subset zero divisors of S. 

(iii) Find all subset units of S. 

(iv) Find all subset idempotents of S. 

(v) Find all subset semiring ideals of S. 

(vi) Find all subset subsemirings of S. 

(vii) Find all subset subsemirings which are not subset 
semiring ideals. 


Let 
S = {Collection of all subsets from the group ring Z2S4} 
be the subset semiring. 


(i) | Study questions (1) to (vii) of problem (18) 
for this S. 

(ii) Prove S is non commutative. 

(iii) Can S have subset semiring right ideals which are 
not subset semiring left ideals? 


Let 
S = {Collection of all subsets from the group ring Z;A4} 
be the subset semiring of ZsA4. 


(i) Prove S is anon commutative subset semiring. 
(ii) Study questions (i) to (vii) of problem (18) for this S. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Let 
S = {Collection of all subsets from the group ring ZD>7} 
be the subset semiring of the group ring ZD> 7. 


(i) Study questions (i) to (vii) of problem (18) for this S. 
(ii) Can S have subset idempotents? 

(111) Prove S has subset units. 

(iv) If Z is replaced by Q show S has subset idempotents. 
(v) Any other interesting feature enjoyed S. 


Give an example of a subset semiring of a ring which has 
no subset zero divisors. 


Does there exist a subset semiring of a ring which has no 
subset units? 


Give an example of a subset semiring which has no subset 
idempotents. 


Is it possible to have a finite order subset semiring which 
has no subset units. 


Does there exist a finite subset semiring which has no 
subset zero divisors? 


Let S = {Collection of all subsets from the ring Z)2D 6} be 
the subset semiring. 


(i) Study questions (i) to (vii) of problem (18) for this S. 
(11) Enlist all subset semiring left ideals which are not 
subset semiring right ideals. 


Let S = {Collection of all subsets from the ring QD27} be 
the subset semiring of the ring QD» 7. 


(i) Can S have right subset semiring ideals which are not 
left subset semiring ideals? 
(ii) Find all subset semiring ideals of S. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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(iii) Can S have subset zero divisors? 

(iv) Can S have subset units? 

(v) Can S have subset idempotents? 

(vi) Can S have subset subsemirings which are not subset 
semiring ideals? 


Let 
S = {Collection of subsets from the ring (Z9xZ\2xZ¢)S3} 
be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Is it ever possible to have a finite subset semiring of a ring 
to be free from subset zero divisors? 


Let S = {Collection of subsets from the ring RS(3)} be the 
subset semiring of the ring RS(3). 

Mention or derive all properties associated with is S. 

If R is replaced by Q in problem 31 study that S. 

If R is replaced by Z in problem 31 study that S. 


Let S = {Collection of subsets from the ring Z7(S; x A4)} 
be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 

Let 

S = {Collection of subsets from the ring Z,(S3 x Ay x Ss)} 
be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Let S = {Collection of subsets from the ring Z)S(8)} be 
the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


Let S= {Collection of subsets from the ring 
(Z7 x Zz x Si2 x Z3) (S3 x Ay)} be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Let S= {Collection of subsets from the ring C((Zy U I))} 
be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Let S = {Collection of subsets from the ring C(Z\s)(g) 
where g” = g} be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Let S = {Collection of subsets from the ring 
C(Z¢) x C((Zj9 U T))} be the subset semiring. 


Study questions (i) to (vii) of problem (18) for this S. 


Let S= {Collection of subsets from the ring Z) (g1, g, 
g3) where gi = 0, g)= go, and g; =—g; with gig) = gigi = 
0if1+4j, 1 <i, j <3} be the subset semiring. 


Study questions (i) to (vil) of problem (18) for this S. 


Let S= {Collection of subsets from the ring C(Z¢) S3} be 
the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Let S= {Collection of subsets from the ring 
(Zio UV D))(G1,82) Ss with g/=0, g)=—g2, 8182 = S81 = 0} 
be the subset semiring of the ring ((Zjo U I)) (g1, g2) S3. 


Study questions (1) to (vii) of problem (18) for this S. 


44. 


45. 


46. 


47. 


48. 


49. 
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Let 
S = {Collection of subsets from the ring C((Z;sUD (S(4))} 
be the subset semiring. 


Study questions (1) to (vii) of problem (18) for this S. 


Prove if instead of using rings interval rings are used to 
from subset semiring show they always contain subset 
zero divisors. 


Let S= {Collection of subsets from the ring M = {[a, b] 
|a, b €Z}} be the subset semiring of the ring of M. 


(i) Show S has subset interval zero divisors. 
(ii) Is S a Smarandache subset semiring? 
(iii) Can S have subset idempotents? 

(iv) Find subset semiring ideals of S. 


Let S= {Collection of subsets from the ring M = {[a, b] 
la, b €Zj2}} be the subset interval semiring. 


(i) Find o(S). 

(ii) Find all subset interval zero divisors. 

(iii) Find all subsets interval idempotents. 

(iv) Find all subset interval units. 

(v) Find all subset interval subsemirings which are not 
subset semiring interval ideals. 

(vi) Find all subset interval semiring ideals of S. 


Let S= {Collection of subsets from the ring M = {[a, b] | 
a, b €(Z2; UI)} be the subset interval semiring. 


Study questions (i) to (vi) of problem (47) for this S. 
Let S= {Collection of subsets from the interval ring M = 
{[a, b] | a, b €C(Z42) (g) with g* = 0}} be the subset 


interval semiring. 


Study questions (1) to (vi) of problem (47) for this S. 
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50. 


51. 


52. 


53: 


54. 


55. 


Let S= {Collection of subsets from the interval ring M = 
{[a, b] | a, b €C((Z45 UI ))} be the subset semiring. 


Study questions (1) to (vi) of problem (47) for this S. 


Let S= {Collection of subsets from the interval ring M = 
{[a, b] | a, b € C((Z, U I)(g1) with g? = 0} be the subset 
semiring. 


Study questions (1) to (vi) of problem (47) for this S. 


Let S = {Collection of subsets from the interval ring M = 
{[a, b] | a, b € (Zag UI )) Sg} be the subset semiring. 


Study questions (1) to (vi) of problem (47) for this S. 


Let S; = {Collection of subsets from the interval ring M 
= {[a, b] | a, b € Zo4Ss}! be the subset interval semiring. 


Study questions (1) to (vi) of problem (47) for this S). 


Find some special features enjoyed by subset interval 
semirings. 


Let S = {Collection of subsets from the interval matrix 
ring 


M= : . ai, b; € Zo; 1 <1 < 20}} 


fais Dis: Lases Baad 


be the subset semiring of the interval matrix ring M. 


(i) Find o(S). 
(ii) Find subset interval idempotents of S. 


56. 


57. 


58. 
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(iii) Find subset interval units of S. 

(iv) Find all S-subset interval idempotents of S. 

(v) Find all subset interval matrix semiring ideals of S. 

(vi) Find all subsets interval matrix semirings of S which 
matrix semirings ideals of S. 


Let S = {Collection of all susbets form interval matrix 
ring 


[a,,b,]  [a,,b,] [a,b] 
M= [35 Di5] Paras Piel me [a,,,b,,] ai, bi € Zp3 ; 


[ay5,b 5] [argsbro] -- [8365636] 
1<i<36}} 


be the subset interval matrix semiring. 
Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of all susbets form interval matrix 
ring 


[a,,b,] [a,,b,] isis) LaesBe] 
re fascb. | [ese se: Pajgsbyd Pe ae 
[a315b3,] [as..b3.] --. [8565036] 
1<i<36}} 


be the subset interval matrix semiring. 

Study questions (1) to (vi) of problem (55) for this S. 

Let S = {Collection of all subsets form interval matrix 
ring M = {([ai, bi], [ao, bo], tees [ai7, bi) | ai, b; E C(Za0)5 


1 <i<17}} be the subset interval matrix semiring. 


Study questions (1) to (vi) of problem (55) for this S. 
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59. 


60. 


61. 


Let S = {Collection of subsets from the ring 
[a,,b,] — [a,,b,] 
yb ,b 
M= Pe J ies V | fa beC((ZUD): 1 <i <24}} 


[ajssbyo | Lays Boal 


be the subset interval matrix semiring. 
Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of all susbets form interval matrix 
ring 


ae [a,,b,] ... aed 


a;, bj € 
[a,,b,] [ag,bg] ... [agg, bsg] 


Zi5(21, 2, 83), B= 0, B= gH and ge =-gs, 1 <i<38}} 


be the subset interval matrix semiring. 
Study questions (i) to (vi) of problem (55) for this S. 


Let S = {Collection of all subsets form interval matrix 
ring 


[a,,b,] [a,,b,] [a;,b;] 
M= 4/[a,,b,] [a;,b;] [a,,b,]}| ai, bi € C(Z42 U TD) 


[a,,b,] [ag,b,] [a,,b,] 
(1, 82); 81 = 0, 82-82, B12 = g281= 0,1 <i<9} 
be the subset interval matrix semiring of M. 


Study questions (1) to (vi) of problem (55) for this S. 


62. 


63. 
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Is S a Smarandache subset matrix interval semiring? 


Find some special features enjoyed by subset interval 
matrix semiring of infinite order. 


Let S = {Collection of all susbets form interval matrix 
ring 


[a,.b,]  [a,,b,] — [a;,b,] 


[a,,b,] [as,b;] — [a,, bg] 


M= ai, bi € ZioAg; 


[argsb g] [89,9] [439,B5o | 


1<i<30} 
be the subset interval matrix semiring. 


(i) Study questions (i) to (vi) of problem (55) for this S . 
(ii) Prove S is non commutative. 
(iii) Is S a Smarandache subset interval matrix semiring. 


[a,,b,] — [a,,b5] 


[a,,b,]  [as,bs] 


Let S= ai, b; S Z1287; l<i< 20} 


[a,5, bio] [Ay9.b9] 


be the subset interval matrix semiring. 


(i) Find o(S). 

(ii) Find all subset interval zero divisors. 

(iii) Find all subset interval idempotents. 

(iv) Find all subset interval units. 

(v) Find all subset interval matrix semiring ideals. 

(vi) Find all subset interval matrix subsemirings which are 
not ideals. 
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64. 


65. 


66. 


Let S = {Collection of all susbets form interval matrix 
ring 


mo ie [a,,b,] ... ae 


a;, b; € 
[avd] [ay.bgl’ -ox [asps Bio ] 


C((Zi2 VU T)) (SG)), 1 SiS 2055 
be the subset interval matrix semiring. 
Study questions (i) to (vi) of problem (55) for this S. 


Let S = {Collection of all subsets form interval matrix 
ring 


[a,,b,] [a,,b,] [a,b] 
M= 5|[a,,b,] [a;,b;] [a,,b,]]} ai, bi e C(Z4U I) 


[a,,b,] [ag,b,] [a,,b,] 
(S(4)), 1<i< 8} 


be the subset interval matrix semiring of finite order. 


Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of subsets from the interval ring 


[a,,b,] 
_ |] (a:.by] eee 
M= . ai, b; E [Z40 x C(Z24)] S33 l<i< 10}} 


[ai9,,5] 


be the subset interval matrix semiring. 


67. 


68. 


69. 


70. 
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Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of subsets from the ring 
[a,,b,] Pe [a,,b,] 
M= 35 [abo] --  [aigsDig] | | ais bi € [Zao x Zio x 
[ajy,b,5] ... [827,67] 
C(Z3)] Ast} 
be the subset interval matrix semiring of M. 


Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of subsets from the interval 
polynomial ring 


ai, bj € (Zip UD} 


M= {Sta.bas 


i=0 


be the subset interval matrix semiring of M. 
Study questions (1) to (vi) of problem (55) for this S . 
Let S = {Collection of subsets from the interval 


polynomial ring 


10 
m= [a,,b,]x' | ai, bj e (Zg UD, OSi<10,x" =1} 


i=0 


be the subset interval matrix semiring. 
Study questions (1) to (vi) of problem (55) for this S. 


Let S = {Collection of subsets from the interval 
polynomial ring 
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71. 


a;, b; € C(Z,);0<i<6,x’=1} 


M= {Zla.bas 


i=0 


be the subset interval matrix semiring. 
Study questions (1) to (vi) of problem (55) for this S . 
Let S = {Collection of subsets from the interval 


polynomial ring 


a;, by € Zag, x° = 1, 0 Si < 7}} 


M= [Dola.bas 


i=0 


be the subset interval matrix semiring. 


Study questions (1) to (vi) of problem (55) for this S. 


Chapter Three 


SUBSET SEMIRINGS OF TYPE II 


In this chapter for the first time authors introduce the notion 
of subset semirings of type two where we use subsets from the 
semiring. Here we describe and develop these concepts. We 
give both commutative and non commutative, finite and infinite 
subset semirings of type II. 


These semirings also contain subset units, subset zero 
divisors and subset idempotents. 


DEFINITION 3.1: Let 

S = {Collection of all subsets from a semiring R}. S under the 
operations of the semiring R is a semiring defined as the subset 
semiring of type II. 


Here we describe this situation by some examples. 


Example 3.1: Let 
S = {Collection of all subsets from the semiring Z” U {0}} be 
the subset semiring of type II. 

For take A = {3, 4, 8, 12} and B= {0, 1,5, 7} ES. 


A+B = {3,4, 8, 12} + {0, 1,5, 7} 
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= {3, 4, 8, 12,5, 9, 15, 21, 13, 17, 10, 11} ES. 
AxB 
= {3, 4, 8, 12} x {0, 1, 5, 7} 


= {3x0,4x0,8x0,12x0,3x1,4x1,8x 1, 
12x 1,3x5,4x5,8x5,12x5,12x7,4x/7, 
3x 7,8 x 7} 


= {0, 3, 4, 8, 12, 15, 20, 40, 60, 84, 28, 21, 56}. 


This is the way operations on S are performed. S is of 
infinite order. S is a commutative subset semiring of type II. 


Example 3.2: Let 
S = {Collection of all subsets from the semiring (Z* U {0} UT} 
be the subset semiring of type IL. 


Take A = {4I, 31+ 2,4+5I, 71+ 1} and 
B= {I, 2+5I, 7+6]} € S. 


A+B 
= {4], 3142, 445], 7I+1} + {I, 2+51, 7+6]}} 
= {5I, 41+2, 61+4m 8I+1, 2+9], 4+8I1, 6+101, 
3 + 121, 7+10I, 9149, 111411, 8+139B €S. 
Now 
AxB 


= {41 31+ 2,4+5], 71+ 1} x [I 2+5], 7+6]} 


= {41x I, 3142 x 1, 4+ 51x I, 71+1 x1, 41x 2+5I, 
31+2x2+51,4+51x24+31, 71+1x31+2, 
4Ix 7+ 61, 31+2x7+6L4+51x7+6L, 
T1+1x7+62 


= {AI, SI, 9I, 81, 281, 4+ 311, 8 + 37], 2 + 38], 52], 
14+ 51], 28 + 891, 7+971} €S. 
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This is the way operations are performed on S. 


S will also be known as the subset neutrosophic semiring of 
type IL. 
Example 3.3: Let S = {Collection of all subsets from the 
semiring (Z* U {0}) (g) = {a+ bg| a,b € ZU {0}, g” =0}} be 
the subset semiring of infinite order which is commutative. S 
has subset zero divisors. 


Forif A= {5g, 3g, 2g, 28g, 40g, 55g} and 
B= {19g, 28g, 56g, g} ES. 


We see A x B = {5g, 3g, 2g, 28g, 40g, 55g} x {19g, 28g, 
56g, 8} = {0}. 


This S has infinite number of subset zero divisors. 
Example 3.4: Let 


S = {Collection of all subsets from group semiring 
(Z* U {0})S3! be the subset semiring of type II. S has subset 


units. 
12 3 
For take A = ES. 
L322 


{( I 
We see A x A= = 41); 
12 3 


thus S has subset units. S is a non commutative subset semiring 
of type II. 


S is of infinite order. 


ce (i CE 
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II 
—— 
Ta aN 
= 
Ww NN 
N w 
Se” 
x 
Tan 
NO — 
me N 
Ww Ww 
NN. 
—— 


Consider 


xa of 2 hf 2 3] 


: {( | “cil 


Clearly I and II are distinct so A x B # B x A; thus S is a 
non commutative subset semiring of infinite order. 


Example 3.5: Let 

S = {Collection of all subsets from group semiring 
(Q’ U {0})S4} be the subset semiring of infinite order. S is non 
commutative of infinite order. S has subset units and subset 
idempotents. 


A= ‘5 and B = {2} € S is a subset unit as A x B= {1}. 
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1 L234 
Take A= 4— (1+ eS 
2 213 4 


Thus S has subset idempotents. 


Example 3.6: Let S = {Collection of all subsets from the 
semiring (Z” U {0})S7} be the subset semiring of type II. Infact 
S is of infinite order non commutative has only subset units. 


Example 3.7: Let 


S = {Collection of all subsets from the semiring L = 


112 | Subset Semirings 


be the subset semiring of type II. 


S has subset idempotents and subset zero divisors. S is 
commutative and is of finite order. 


Take A = {a} and B= {b} e€ S with 
A x B= {a} x {b} = {0}. 

A is a subset zero divisor of S. 

Let A= {a, b, 0} €S. 


AxA = {a,b, 0} x {0, a, b} 
= {a,b,0}=AeS. 


A is a subset idempotent of S. B = {a} ¢€ S is also a subset 
idempotent. 


Every singleton element in L is a subset idempotent of S; 
that is if x ¢ L then X = {x} e S is such that X x X = {x} x {x} 
= {x} = X € S, is a subset idempotent of S. 
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Example 3.8: Let S = {Collection of all subsets from the lattice 


be the subset semiring of L. S is of finite order. 


S has no subset zero divisors. S has subset idempotents and 
all these subset idempotent sets are of maximum cardinality 
nine. 


If A = {0, 1, a} © S; a e L; 1 < i < 7 is such that 


A x A= {0, 1, aj} x {0, 1, aj} = {0, 1, aj} = A e S is a subset 
idempotent of S. 


B= {1, a;} and C = {0, a;} € S are also subset idempotents 
of S. 


Take D; = {a;} € S is such that D; x D; = {aj} x {aj} = {aj}; 
a, € L, | <i</7 are also subset idempotents of S. 


However S has no subset units. 
Take A = {a), a3, 0} and B= {as, as, 1} € S. 


AUB 
= {a U as, a) U a, a) U 1, a3 U as, a3 U a, a3 UL, 
0Uas,0U a, 0U 1} 
= {a,, 1, a3, a6, as} eS. 
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ANB 
=a {ay, a3, 0} a) {1, a6, as} 


= fa, 1,a3 01,001, a, 0 a, a3. a, 07 ao, 
00 a5,0 70 a, 0 1} 


a {ai, a3, as, 0, a6} eS. 
This is the way operations on S are performed. 


Clearly 
AQNB=BonAandAUB=B UA forall A,B €S. 


S has only subset idempotents and no subset zero divisors. 


Example 3.9: Let S = {Collection of all subsets from the 
semiring 


which is a Boolean algebra of order 8} be the subset semiring of 
type II. S has subset idempotents and subset zero divisors. 


In view of all these we have the following theorem. 


THEOREM 3.1: Let S = {Collection of all subsets from the 
semiring which is a chain lattice; 
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be the subset semiring of type II. S has no subset zero divisors 
or subset units only subset idempotents. 


Proof is direct and hence left as an exercise to the reader. 


Example 3.10: Let S = {Collection of all subsets from the 
semiring L = 


{o) 


mh 


be the subset semiring of finite order. 
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S has subset zero divisors and subset units. Infact L is not a 
chain lattice only a distributive lattice. 


THEOREM 3.2: Let S = {Collection of all subsets from the 
Boolean algebra with 2™ elements} be the subset semiring. 
S has subset idempotents and subset zero divisors and 


o(S) = 27", 
Proof is direct and hence left as an exercise to the reader. 


Now we proceed onto give more examples of subset 
semirings using lattices of type II. 


Example 3.11: Let 
S = {Collection of all subsets from the semiring (Q’UI U {0})} 
be the subset semiring of type II. This is of infinite order. 


S has subset zero divisors, subset units and subset 
idempotents. A = {n} where n € Q’, there exist a unique 
m € Q’ with B = {m} € S such that A x B = {n} x {m} = {1} 
is a Subset unit of S. 


Infact only singletons can be subset units and we have 
infinite number of subset units. 


The subset idempotents are {0}, {1, 0}, {1}, {I}, {I 0}, {1, 
T}, {0, 1, I} are the subset idempotents. 


However S has no subset zero divisors. 
Example 3.12: Let S = {Collection of all subsets from the dual 
number semiring (Q* U {0})(g) where g* = 0} be the subset 
semiring. 

S has infinite number of subset zero divisors. 


A = {3g, 5g, 2g, 10g, 11/3g, 45/17g} and 


B = {12g, 3/1lg, 10/7g, 40/19g} €S. 
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A x B= (3g, 5g, 2g, 10g, 11/g, 459/17} x {12g, 3/llg, 
10/7g, 40/19g} = {0}. 


We see S does not contain infinite number of subset 
idempotents only a very few subset idempotents. 


Example 3.13: Let S = {Collection of all subsets from the 
special dual like number semiring (Z” U {0} U {g}) = {a+ bg | 
a,b € Z’ U {0}} with g* = g} be the subset semiring of type II. 
S has few subset idempotents no subset zero divisors and subset 
units. 


Example 3.14: Let S = {Collection of all subsets from the 
special dual like number rational semiring (Q” U {0} U {g}) = 
{a+ bg|a,b € Q’ U {0}; g? = g}} be the subset semiring of 
infinite order. S has no subset zero divisors only a few subset 
idempotents and infinite number of subset units. 


All these examples of subset semirings are commutative. 


Now we proceed onto describe with examples, subset 
semirings of type II which are non commutative. 


Example 3.15: Let S = {Collection of all subsets from the 
group semiring (Z° U {0})D 5} be the subset semiring. S has 
subset units. S is non commutative and is of infinite order. 


S has finite number of subset units and no subset 
idempotents other than {0}, {1} and {0, 1}. 


Example 3.16: Let 
S = {Collection of all subsets from group  semiring 
(Q’ U {03)S7} be the subset semiring. S has infinite number of 


units. S is anon commutative infinite subset semiring. 


S has only finite number of subset idempotents S has finite 
number of subset zero divisors. 
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Example 3.17: Let S = {Collection of all subsets from the 
semigroup semiring LS(3) where L = 


and S(3) is the symmetric semigroup} be the subset semiring of 
finite order. 


S is non commutative subset semiring of type II. 


We see S has subset idempotents, subset units and subset 
zero divisors. 


Example 3.18: Let S = {Collection of all subsets from the 
group semiring LS; where L is a lattice given by 


1 


a b 
Cc 

d ¢ 
f 

g h 
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be the subset semiring of finite order which is non commutative; 
we see S has subset idempotents, and subset zero divisors. 


Let A= {ap, + bp. + c, gp3 + hp, + d} and 
B= {cp3+eps+ 1} €S. 


We find 


A+B =AUB 
= {ap + bp. + c, gp3 + hp4 + d} U {eps + eps + 1} 
= {ap, + bp. + c, gp3 + hp4 + d} + {cp3 + cps + 1} 
= {ap, + bp» +c +cp3+ eps + 1, gp3 + hpy+d+ 
cp3 + cps + 1} 
= ap, + bp2 + cp3 + eps + 1, cps + hp4 + cps + 1} 
eS. 


We find 


ANB =AxB 
= {ap + bp + c, gp3 + hps + d} x {cp3 + eps + 1} 


= {(ap; + bp2 + c) M (cp3 + eps + 1), 
(gp3 + hpy +d) % (cp3 + fps + 1)} 


= {(@.1 C) pips + (b. c)pops + (¢ OC) ps + (AM €)pips 
+ (b €) pops + (CM €) ps + (aM 1)pi + (6 1)p2 + 
(¢O 1), (g AC) ps x ps + (hc) paps + (AO C)p3 + 
(g 0 f)ps ps + (h f)paps + (dF fps + 3 + hpg + d} 


= {cp4 + cps + cp3 + ep2 + ep3 + eps + ap; + bp2 + ¢, 
gp3 + hp, + d+ fps + dp3 + g + hp; + gp; + h} 


= {cpa + cps + cp3 + bp2 + ap; + c, d+ fp; + dp3 + 
hp, + fps} € S. 


This is the way operation -M (1.e., x) and U (1.e., +) are 
performed in S. 
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It is easily verified S is a non commutative subset semiring. 


A = {a}, B= {b}, C= {c}, D = {d}, E = {e} and so on are 
subset idempotents of S. 


Example 3.19: Let S = {Collection of all subsets from the 
group semiring LD.4 where D4 = {a,b | a’ = b’ = 1, bab = a} 
be the subset semiring of finite order which is non commutative 
and the lattice L is given by the L = 


S has subset idempotents. 
Take A= {Il +a} eS. 
AxA 

= {(1 + a)} x {0 +a)} 
={lt+atata} 
= {l+a+1} 
={lt+al=A. 

Let A; = {1 +b} €S. 


We see A; x A; = A; So A; is also a subset idempotent of S. 


Subset Semirings of Type II | 121 


We see S has no subset zero divisors. 
Example 3.20: Let S = {Collection of all subsets from the 


group semiring (Z* U {0}) (S3 x A4)} be the subset semiring. 
S is non commutative and of infinite order. 


S has subset units. Only A = {0}, B = {1} and C = {0, 1} 
are the trivial subset idempotents of S. 


Example 3.21: Let S = {Collection of all subsets from the 
semigroup semiring (Q” U {0}) (S(3) x (Zi2 x))}_be the subset 
semiring. S is of infinite order and has infinite number of 
subset units. 

Example 3.22: Let S = {Collection of all subsets from group 
semiring (L; x L2) D221; 


where L; = 1 and L, = 1 


: ROS: 


ao f d 


be the subset semiring. 


S is of finite order but S is non commutative has subset 
idempotents given by 


Ar = {(1, ID}, Ao = (C1, a} 5. A= {CL Df, 
Avi = {(ai, 1}, Aue = {(ai, a)} and so on. 


S has subset zero divisors. 
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Example 3.23: Let S = {Collection of all subsets from the 
semiring L; x L2 x L3 where 


L, = l L, = 
as 
: ed 
s f d 
a2 
ay g 
: h 
: j 
0 
1 
and L3 = 
a b 
c 
Xx] 
i g 
0 


be the subset semiring of finite order. 


S has subset idempotents and subset zero divisors. 
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Example 3.24: Let S = {Collection of all subsets from the 
group semiring (L; x L2) (S3 x S4) where L; = 


1 


and L,, a Boolean algebra of order 16} be the subset semiring of 
finite order which is non commutative and has subset 
subsemirings, subset idempotents and subset zero divisors. 


Example 3.25: Let 

S = {Collection of all subsets from the semiring Z” U {0}} be 
the subset semiring of infinite order. This has infinite number 
of subset subsemiring given by P, = {Collection of all subsets 
from the subsemiring nZ” U {0}} n= 2, 3, ..., 0. Clearly these 
subset semirings are also subset ideals of S. S has no nontrivial 
subset units. 


Example 3.26: Let 

S = {Collection of all subsets from the semiring Q*” U {0}} be 
the subset semiring of infinite order. S has infinite number of 
subset subsemiring but has no subset semiideals. 


S has infinite number of subset units and has only {0}, {1} 
and {0,1} to be subset idempotents. 


Example 3.27: Let S = {Collection of all subsets from the 
semiring L = 
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0 


be the subset semiring. S has subset idempotents. S has subset 
subsemirings. S has subset ideals. 


Example 3.28: Let S = {Collection of all subsets from the 
semiring L = a Boolean algebra of order thirty two} be the 
subset semiring. S has subset zero divisors. S has subset 
idempotents. 


Example 3.29: Let S = {Collection of all subsets from the 
semiring L = 
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be the subset semiring. S has subset subsemirings, subset 
ideals, subset idempotents and subset zero divisors. 


Now we study more about subset semirings using matrix 
semirings. 


Suppose we have M = {Collection of all m x n matrices 
with entries from a semiring R} be a matrix semiring. 


Let S = {Collection of all subsets from the matrix semiring 
M}; we define S to be a subset matrix semiring. 


Example 3.30: Let S = {Collection of all subsets from the row 
matrix semiring M = {(a;, ..., an) | ai € Z’ U {0}, 1 <i<n}} be 
the subset row matrix semiring. 


Clearly this subset row matrix semiring has subset zero 
divisors and subset idempotents. 


However we do not have subset row matrix units. For if 
A= {(1 11... 1)} is the subset row matrix unit. 
B= {(100...1 1 1)} € S is a row matrix subset idempotent. 


Example 3.31: Let S = {Collection of all subsets from the row 
matrix semiring M = {(a; az a3 a4 as) | a; € Q’ U {0}, 1 <i <5}} 
be the subset row matrix semiring. S has row matrix subset 
idempotents. 


For take A= {(00111),(00000),(11000)} €S; 
we seeA x A 


= {(00111),(00000),(11000)} x 
{(00111),(00000),(11000)} 


= {(00111)x(00111),(11000)x (11000), 
(00111)x(11000),(11000)x (000111), 
(1 1000)x (00000), (0011 1)x (00000), 
(00000)x (00000): 
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= {11 1000), (0011 1),(00000)} 
=A. 
Thus A is a subset row matrix idempotent of S. S has 
several subset row matrix idempotents. 
Let A= {(1/3, 5/7, 2, 9, 1/17)} and 
B= {(3, 7/5, 1/2, 1/9, 17)} €S. 
We see A x B 


= {(1/3, 5/7, 2, 9, 1/17)} x {(3, 7/5, 1/2, 1/9, 17)} 
= {(1 1 1 1 1)} is the subset unit of S. 


Take A = {(a,0000)} €S. 

All subsets from T = {Collection of all subsets from the 
collection of matrices M = {(0,b;,b2,b3,b4) where b; € Q’ U {0}, 
1 <i<4} CS is such that for every B € T and 
A= {(a; 0000), (a20000), ...,(a0000)} eS 

We have A x B= {(00000)}. 


Thus S has infinite number of subset zero divisors. 


S has also subset matrix subsemirings which are not subset 
matrix ideals. 


Consider T = {Collection of all subset from the matrix 
subsemiring N = {(aj, a2, a3, a4, as) Where a, € ZU {0}, 1 <i< 
5}! CS, T is only a subset matrix subsemiring which is not a 
subset matrix semiring ideal of S. 


Inview of all these we have several results which will be 
enumerated later. 


Example 3.32: Let S = {Collection of all subsets from the row 
matrix semiring M = {(aj a2 a3 a4 as ae) | aj Ee L= 
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1 <i<6}} be the subset row matrix semiring. 


S has subset zero divisors and has no subset units. S has 
subset idempotents. S has subset row matrix subsemirings as 
well as subset row matrix semiring ideals. 


Forif A= {(001a1b)} and 
B={(abc101),(1lfed0)} €S. 


AxB 
=AMOB 
= {00lalb)}x {(abc101),(1fed0)} 
= {001lalb)x(abc101),(001alb)x 
(Olfed0O)} 
= {00ca0b)(O0fed0)} ES. 
AUB 
=A+B 


={(00lalb)} U {(abc101),(01fed0)} 


= {(001a1lb)U(abc101),(001alb)U 
(01 fed0)} 


={(ab1111),@llalbjjeS. 


This is the way -% and U operations are done on S. 
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Example 3.33: Let S = {Collection of all subsets from the row 
matrix group semiring M = {(a; a7 a3) | a, € (ZU {03)Do5; 1 <i 
<3}! be the subset row matrix semiring of M. 


S is anon commutative subset semiring. 


Let A = {(4+ 2a+b’, 3a+ 5b’, 10b? + 5a + 7)} and 
B= {(2a + 1, b, b’), (7b2+1, 2b+3, a)} € S. 


We find 


AxB 
= {(4+ 2a +b’, 3a + 5b’, 10b° + 5a + 7) x 
(2a + 1, b, b’), (4+ 2a+b®, 3a + 5b’, 10b* + 5a + 
7) x (7b* + 1, 2b + 3, a)} 


= {(4+2a+b’ x 2at 1, 3a+ 5b’ xb, 10b° + 5a+ 
7 xb’), (4+ 2a+ b’ x 7b’ + 1, 3a + 5b’ x 2b + 3, 
10b° + Sa+7 x a)} 


= {(8a + 4a’ + 2b’a + 4 + 2ab + b®, 3ab + 5b’, 
10b’ + 5ab* + 7b’), (28b’ + 14ab* + 7b°+ 4+ 2a+ 
b’, 6ab + 10b*° + 9a + 15b’, 10b*a + 5a’ + 7a)} 
= {(8a + 8 + 2b’a + 2ab + b’, 3ab + 5b’, 10b? + 
Sab‘ + 7b‘), (28b? + 14ab? + 7, 4+ 2a+b’, 
6ab + 10b* + 16a + 15b* + 10b’a + 5)} ES. 
We now find 


A+B 


ll 


{(4 + 2a +b’, 3a+ 5b’, 10b° + 5a+7)} + 
{(2a + 1, b, b’), (7b’ + 1, 2b + 3, a)} 


= {(5+4a+b’, 3at+5b’+b, 10b’+b*+5a+7), 
(2a+ 7b’ + 2, 3b+3,at+b’)} €S. 


This is the way operations are performed on S. 
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Further we see S has subset units and subset zero divisors. 
For take A = {(a, b’, a)} and B = {(a, b’, a)} € S. 


We find A x B 
= {(a, b’, a)} x {(a, b’, a)} 
= {(1, 1, 1)} € S is the subset unit. 


Let 
A= {(0, a, b), (0, 3a + 5b’ + 8b, 9a + b’), (0, 5b* + 13a + 9, 0)} 
and 


B= {(8a + b’ + 1, 0, 0), (10a + 15ab + b’®, 0, 0), (12a + 3b" 
+ 25ab*, 0, 0)} € S. 


We see A x B = {(0, 0, 0)} thus S has subset zero divisors. 
S has subset subsemirings as well as subset semiring ideals. 


We just give them for this S. Let P = {Collection of all 
subsets from the subset row matrix semiring M, = {(a, 0, 0) | 
ae (Z’ u {0}, D25} ¢ M} cS, P is a subset row matrix 
subsemiring as well as subset semiring ideal of S. 


Infact S has infinite number of subset row matrix 
subsemirings as well as subset row matrix semiring ideals. For 
take L = {Collection of all subsets from the row matrix 
subsemiring V = {(x, y, z) | x, y, z € (Z’ U {0})[G] where G = 
{b | b> = 1} CD) is a subgroup of D2;}} CS, L is a subset row 
matrix subsemiring of S. 


Clearly S is not a subset row matrix semiring ideal of S. 
Thus we see S has infinite number of subset subsemirings which 
are not subset semiring ideals of S. 


Example 3.34: Let S = {Collection of all subsets from the 
interval column matrix semiring; 
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[a,,b, ] 
[a,,b,] + 

M= ai, bi € {ZU {OF}, 1 <1 43} 
[a,,b,] 


[a,,b, ] 


be the subset interval column matrix semiring of infinite order. 


We see M has infinite number of subset zero divisors. M 
has also subset idempotents which are finite in number and has 
infinite number subset interval matrix subsemirings as well as 
infinite number of subset interval semiring ideals. 


Example 3.35: Let S = {Collection of all subsets from the 
interval column matrices 


[a,,b, ] 


[a,,b,] a 
M= : a, bs e (Q UILU {0}), 1 <i <9} 


[a,,b, ] 


be the subset interval column matrix semiring of infinite order. 
S has subset interval column matrix zero divisors, subset 
interval column matrix idempotents, subset interval column 
matrix subsemirings and subset interval column matrix semiring 
ideals. 


Example 3.36: Let S = {Collection of all subsets from the 
interval column matrix semiring 


ai, bi € (R* U {0}) (g1, 82), g = 0 g5 = 2, 


[a,.,b,,] 
@8 = gi =0, 1 <i<12}} 
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be the subset interval column matrix semiring of infinite order. 


Let A = {ag, | a € 3Z’U {0}} and B = {bg, |b € 5Z°U 
{035 


[a,,b, ] 
_ |} [4,62] ‘ 
Suppose Sa, = a,b; e A, 1 <1<12}} and 
[a,o.b,5] 
[a,,b, } 
= [a,,b,] : 
Sp = é a;, b; € Bl <1< 12}} be subsets of S. 
[ai..b,5] 


Clearly S, is a subset column interval matrix subsemiring 
and Sg is also a subset column interval matrix subsemiring. 


Both S, and Sg are not subset interval matrix semiring 
ideals of S. 


[0,0] 
[0,0] 
Further for every Ay € Sa; Ay x Ay = ‘ and for 
[0,0] 
[0,0] 
every B; € Sg we have B, x B; = : 
[0,0] 


Also for every A; € S, and B; € Sg we have 
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[0,0] 
A, xB = a 
0, 0] 
[0,0] 
Thus we have S, x Sa = ne , 
0, 0] 
[0,0] [0,0] 
Sp x Sp = : and S, x Sg = ; 
(0, 0] (0, 0] 


Thus S has infinite number of interval matrix subset zero 
divisors. 


Take M = {Collection of all subsets from the interval 
column matrix subsemiring 


[a,,b, ] 
[a,,b,] + 
. a, bs €e Q'g, U {0},] <i1<12}} cS 


[a,5b,.] 
be a subset interval column matrix subsemiring. 


P is also a subset interval column matrix semiring ideal 
of S. 


Consider N = {Collection of all subsets from the interval 
column matrix subsemiring 
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[a,,b, ] 
[a,,b, ] : 
ai, b; € Q’g, U {0}, 1 <i< 12} cS 


[a,,,b,,] 
be the subset interval column matrix subsemiring. 


N is also a subset interval column matrix semiring ideal of 
S. 


Example 3.37: Let S = {Collection of all subsets from the 
interval column matrix semiring 


[a,b] 


[a,,b,] + 2 
M= ai, bj e (ZULU {0})) (21, 22), 8, = 9, 


[a,,b,] 
23 = 22, 218 = Bgi=0, 1 <i<9}} 


be the subset interval column matrix semiring of infinite order. 


S has infinite number of subset interval column matrix 
subsemirings, also S has infinite number of subset interval 
column matrix zero divisors but has only finite number of 
subset idempotents. 


All these subset column interval matrix semirings are 
commutative and of course the product is the natural product xz. 


We now proceed onto give examples of both finite subset 
interval column matrix semirings and infinite subset interval 
column matrix semirings which are non commutative. 


Example 3.38: Let S = {collection of all subsets from the 
interval column matrix semiring 
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1 <1 < 9}} be the subset interval column matrix semiring of 
finite order. S has subset idempotents and subset zero divisors. 


Example 3.39: Let S = {Collection of all subsets from the 


interval semiring 


[a,,b,] 
a,,b 
M= Lab, a,b; €e L= i 
: g 
[a,5,b,,] 
e d 
c 
a b 


1 <i < 12}} be the subset interval column matrix semiring of 


finite order. 
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Example 3.40: Let S = {Collection of all subsets from the 
interval column matrix semiring 


[a,,b, ] 


[a,,b,] 


M= ai, bj € (Z° U {0})S3,1 <i < 10}} 


[aio,b,o] 


be the subset interval matrix semiring of infinite order which is 
non commutative under natural product x,. 


Example 3.41: Let S = {Collection of all subsets from the 
interval matrix column semiring 


[a,,b,] 
[a,,b,] ‘ ; 
M= a;, b; € (Q U {0})Do73 1<i<4}} 
[a;,b,] 
b,] 


[a,, 4 


be the subset interval column matrix semiring; which is non 
commutative of infinite order under natural product x,. 


[3a +2,5b] 
[6b + 8,0] 
Let A= 5 and 
[a+2b,5b* ] 


[3a + 2ab’,ab] 


[0,3a + 2b] 
[5b,6a + 5b + 3ab] 
[2ab + b*,3a + 5b + 3ab] 
[0,ab + 3ab7] 
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We find 
[3a + 2,5b] [0,3a + 2b] 
[6b + 8,0] [5b, 6a + 5b + 3ab] 
AT+B= 2 2 
[a+2b,5b* | [2ab + b°,3a + 5b + 3ab] 
[3a + 2ab’, ab] [0,ab + 3ab’ ] 


(3a +2,7b+3a] 
[11b+8,6a + 5b + 3ab] 
[a+2b+2ab + b*,5b? + 3a +5b + 3ab] 
[3a + 2ab*,2ab + 3ab’ ] 


Now we find the product 


[3a + 2,5b] [0,3a + 2b] 
[6b +8,0] [5b,6a + 5b + 3ab] 
A a B ~ 2 * 2 
[a+2b,5b* ] [2ab + b’ 3a +5b + 3ab] 
[3a + 2ab’,ab] [0,ab + 3ab7 ] 


[3a + 2,5b]x[0,3a + 2b] 
[6b + 8,0] x[5b, 6a + 5b + 3ab] 
[a + 2b, 5b’ ]x[2ab + b’,3a + 5b + 3ab] 
[3a + 2ab’,ab]x[0,ab + 3ab*] 
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[0,15ba +10b7] 
[30b* + 40b, 0] 
[2b + 4a + ab° + 2b*,15b’a + 25b° + 15ba] 
[0,1+ b] 


This is the way operation + and x are performed on S. 


Example 3.42: Let S = {Collection of all subsets from the 
interval column matrix semiring 


[a,,b,] 


[a,,b,] 


M= ai, b; € (R° U {0})S4,1 <i<8}} 


[a,,b,] 
be the subset interval column matrix semiring. 


S is a non commutative infinite subset interval column 
matrix semiring. 


S has infinite number of subset zero divisors. S has subset 
idempotents. 


[0,0] 
[1,0] 
[0,1] 
ret a=J] Olt og 
[0,0] 
[1,0] 
[1,1] 
[0,0] 


A x A=A isa subset idempotent of S. 
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Let B= eS. 


B x B = B is again a subset idempotent in S. S has only a 
finite number of subset idempotents. 


Example 3.43: Let S = {Collection of all subsets from the 


[a,,b,] 


As [a,,b,] 
interval column matrix semiring M = : ai, b; ¢ LAy 


[a;,bs] 


where L = ay 


1 <i < 5} be the subset interval column matrix semiring which 
is non commutative but of finite order. 
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Clearly S has no subset nilpotents of order two but S has 
subset zero divisors. 


Example 3.44: Let S = {Collection of all subsets from the 


[a,,b,] 
; : Sy _ [a,,b,] ‘ 
interval column matrix semiring M = f a;, b} € LD2 6; 
[a,,b,] 
1 
a c 
= NOX 
f d 


1 <1 < 9} be the subset interval column matrix semiring of 
finite order which is non commutative. 


We can have several such subset interval column matrix 
semirings which are commutative and non commutative. 


Now we just proceed onto describe subset interval m x n 
matrix semiring. 


Example 3.45: Let S = {Collection of all subsets from the 
interval 3 x 5 matrix semiring 


[aBi 1s wc: fagsbs 
S= 4] [a,b]... [195619] | | ais bi € Q* u {0}, 1 <i< 15}} 
[a,b]. [ays5b,5] 
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be the subset interval 3 x 5 matrix semiring of infinite order 
under natural product x, of matrices. 


Clearly S is commutative. 


Example 3.46: Let S = {Collection of all subsets from the 
interval 5 x 2 matrix semiring 


[a,,b,] [a,,b, ] 
,b ,b ‘ 
re i] ry I |] a,b:  Z*U {0}, 1<i<10}} 


[ay, by]  [a9,b,9] 


be the subset interval 5 x 2 matrix semiring of infinite order 
which is commutative and has infinite number of subset zero 
divisors but has only finite number of subset idempotents. 


Example 3.47: Let S = {Collection of all subsets from the 
interval 5 x 5 matrix semiring 


[a,,b,] see [a;,b,] 


[ag,bg] ..- [ayo, bio] 


M= ai, b; € (Z” UD) u {0}, 


[a,b]... [Ay5,b25] 
1<i<25}} 
be the subset interval square matrix semiring of infinite order. 
S has infinite number subset interval matrix zero divisors 
but has only finite number of subset interval matrix 


idempotents. 


S has also subset interval matrix subsemirings and subset 
interval matrix semiring ideals. 
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Example 3.48: Let S = {Collection of all subsets from the 
3 x 10 interval matrix semiring 


fajsb,} . -fass 51) - sex aigs big! 
Ma sl abil PaissBig] “se aays Bey): ag Oe = 


[a,,,b5,] [a,.,b,,] ea [439,50] 


1 <i<30}} be the subset interval matrix semiring. 
Clearly S is of finite order and S is commutative. 


Example 3.49: Let S = {Collection of all subsets from the 


[a,,b, ] [a,,b, ] 


interval matrix semiring M = : : a;, bj € 
[a,,,b,,] [a,.,b,,] 
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1 
L= 5 b 
c 
d 
e 
f 
g 
1 h 
0 


1 <i< 12}} be subset interval matrix semiring of finite order. S 
has several subset idempotents only a few subset zero divisors. 


Example 3.50: Let S = {Collection of all subsets from the 
interval matrix semiring 


[a,,b, ] [a,,b,] ... [a,b] 
M= [aes] [a,,,b,,] ase [aoe O54] ai, b; eL= L; x Ly 
[ay5,b 5] [args] --- [Ase.b36] 


L; = | and L, = ! 


— 
Q 
SS 
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1 < i < 36}} be the subset interval matrix semiring of finite 
order. 


S is commutative has subset zero divisors and subset 
idempotents. 


Example 3.51: Let S = {Collection of all subsets from the 
subset interval matrix semiring 


b] fant : 
M= [a, 1] [a,; a ai, b; ELxZuU {0} where 
[aygsbig] ---  [Ay6>b26] 


1 <i< 26} bea subset interval matrix semiring of infinite order. 


Now we proceed onto describe a few non commutative 
subset interval matrix semiring. 


Example 3.52: Let S = {Collection of all subsets from the 
interval matrix semiring 


M = 4|[a;,b,] [a,,b,] || ai, bi e (ZU {0})S3, 1 <i < 6}} 


be the subset interval matrix semiring of infinite order under the 
natural product x,. S has subset zero divisors and subset units. 
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[0,0] [0,0] 
Clearly 5] [0,0] [0,0] ]|> is the subset interval zero matrix. 
[0,0] [0,0] 


(1) [1,1] 
[1,1] [1,1] |? is the subset interval unit matrix of S. 


| [ps1] Op, | 
Let A= 4] [p,,1]  [p,.p,]|> © S is such that 
[p;.P;] [ps3] 
i [p,.1] [l,p,] [p,.1] [1,p,] 
AxA = 4] [p,,1] na x | [p21] na 
[[P;.P3] [ps] [p;.P;] [1p] 


ii [p,11x[p,,1] [L.p,1x[Lp,] 
[p>.1]x[p..1]  [p,.P2]<[P,.P.] 


[[p3-P3]<[p;,P3] [.p3]<LLp;] 


(1) (1) 
[Lt] (1) 
[L1] [11 


: 2 2 2 1 2 3 
(since p; = 1, p; =1, p; = 1 where p; = ; 


132 
23). 1 2 3), 

= and p3 = ‘ 

Pls 024 Pe lo 4-3 
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Thus A is a subset interval matrix unit of S. 


[0,1] [0,3p, +p, +p3] 
A= [P4 + p;.0] [Sp, + 8p,;,0] 
[0,0] [8p; + 9p,,0] 


and 
[8p, + 9p; + p,,0] [21p, +81p,,0] 
B= [0,10p, + 27p, ] [0,40p, +59p,+p;]|7 €S 
[98p, +100p, +43p,,28p,] [0,40p, +38p, +p, ] 


is such that Ax B=BxA 


[0,0] [0,0] 
= <1[0,0] [0,0] |? is the subset zero divisor of S. 
[0,0] [0,0] 


i be Bh acs eS sa 
ere p4 = and ps5 = . 
Pe giv coins ae ee Nal 


Clearly S is non commutative and of infinite order. 
Take 


[p,.1]  [p,,0] [p21] [p3,1] 
A=4|[0,p;] [Ll] |} andB=4J[0,p,] [0,p,] |} €S. 
[0,p,] [p..p5] [lp] [p.s.p,] 

We now find 
[p,.1] [p,,9] [p,.1] — [p;,1] 
AxB = 4/[0,p;]) [LU x 9/10,p,]  [0,p.] 


[0,p,] [p..p3] [.p.] [PyP)] 
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[p,1]x{p..1] = [p,,0]<[p;,] 
[0,p;]x[0,p,] [,Ux[0,p,] 
[0,p,]<[Lp,] [p.,p3]<[P,,P,] 


[ps.l]  [p;,0] 
= 5|[0,p,] [0,p,] hel 
Ups] [p,.ps] 


Consider 
[p,.1]  [p.1] [p,.1]  [p,,0] 
BxA =3|[0,p,] [0,p.] }7 x 5/[0.p;] [LU 
Up.) [Papi] [0.p,] [p..P3] 


[p,,1]x[p,,1] [p3.1]<[p,,0] 
= 4|[0,p,]<[0,p;]  [0,p.]x[L1] 
[1,p,]x[0,p,] [p,.P,]<[P25P3] 


[p,,1] [p,,0] 
= 5|[9,p,]  [0,p.] fiat alll 
[Lpal [papal 


Clearly I and II are distinct so A x B + B x A in general for 
A,BeS. 


Thus S is non commutative subset interval matrix semiring 
under the natural product x, of interval matrices. 


Example 3.53: Let S = {Collection of all subsets from the 
interval matrix semiring 
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[a,,b,]  [a,,b,] 
,b ,b 
oi J ee ‘ a;, b; € (L; x L2)S3; where 


M= 
[ay,by] [495 b,9] 
1 
Li= dL, = 
1 a b an. 2 
a7 
c a 
f 
a3 
1 g ay a2 
0 


1 <i < 10}} be the subset interval matrix semiring of finite 
order which is non commutative. 


S has subset zero divisors and subset idempotents. 


S has also subset interval matrix subsemirings and subset 
interval matrix semiring ideals. 


Example 3.54: Let S = {Collection of all subsets from the 
interval matrix semiring 
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[a,,b,] 
[a,,b, ] + 
M= ai, bj € (ZU {0}), (S3 x Aq x Do7), 
[a,,b,] 
[a,,b,] 


1<i<4}} 


be the subset interval matrix non commutative semiring of 
infinite order. 


S has subset units, subset zero divisors and subset 
idempotents. 


Infact S has infinite number of subset interval matrix 
subsemirings and subset interval matrix semiring ideals. 


Example 3.55: Let S = {Collection of all subsets from the 
interval matrix semiring 


[ [a,,b,] [a,,b,] 
[a,,b,] [a,,b,] 
M= 5|[a,,b,] [a,,b,] || ai, bi € (Li x Lo x Ls x Ly) Ay 
[a,,b,] [ag,bs] 
L[a5,6,]  [ayo.bio] 


where L, is a Boolean algebra of order 16, 
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L; = 
1 
ay a2 
a3 
aa as 
26 
a7 ag 
0 
and L, is a chain lattice. 
- 1 
L29= 
ay 
a 
a3 
[ ais 
0 


1 <i < 10} be the subset interval matrix non commutative 
semiring of finite order. 


This has lots of subset zero divisors, subset units and subset 
idempotents. 


Example 3.56: Let S = {Collection of all subsets from the 
interval matrix semiring 
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M= 3|[a;,6;] [a,,b,]}| ai, bi € LS4 where 


1 <i < 6} be the subset interval matrix semiring of finite order. 
S is non commutative and has subset idempotents and subset 
zero divisors. S has also subset semiring ideals. 


Example 3.57: Let S = {Collection of all subsets from the 
interval matrix semiring 
[a,,b,]  [a,,b,] 
a,,b a,,b 
M= a s a i ai, bj € (Li x Lz) (S3 x D227); 


[ajo by] [89,49] 
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where 
1 
1 
Ly and L, = 
1 2 d, 
Cc 
XX : 
f d d; 
dy 
0 
ds 
d d, 
0 


be the subset interval matrix semiring of finite order which is 
non commutative. 


Next we proceed onto describe subset polynomial semirings 
of type II by examples. 


Example 3.58: Let S = {Collection of all subsets from the 


polynomial semiring 


ae ZU {0}}} 


M= {Sax 
i=0 


be the subset polynomial semiring of type II. 
Such study is made in [26]. 


We see this is an infinite commutative semiring which has 
subset semiring ideals and subset subsemirings. 


However we see this subset semiring has no subset zero 
divisors and is a strict semiring which is a subset semifield. 
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It is also important to observe if S = {Collection of all 
subsets from the semiring Z” U {0} or Q’ U {0} or RU {0%} 
then S is a subset semifield. 


For if A, B e S we see A+ B # {0} if A # {0} and B # {0} 
further A x B # {0} if A # {0} and B # {0}. 


Thus we can have subset semifields. Infact we have a class 
of such subset semifields. 


Example 3.59: Let 

S = {Collection of all subsets from (Q” U {0}) [x]} be the 
subset polynomial semiring of type II. S has no subset zero 
divisors. Further S is a subset semifield. 


Suppose 
A={3x2 +2, 10x? + 4x + 1} and B= {x7 +3x+1,3x%+4teS. 


We now show A+B=B+AandAxB=BxA. 


A+B 
= {3x7+2, 10x? +4x +1} + {x’+3x+ 1, 3x°+4} 


= (3x7 +2+x7+3xt1,10x?+4x+1+x7+3x+ 
1, 10x? + 4x + 14+ 3x°+4, 3x7 +2 +3x*+4} 


= {x’+3x?+3x+3,x’ + 10x? + 7x +2, 3x°+ 
10x? + 4x + 5, 3x°+ 3x’?+ 6} €S. 


Easily verified A + B = B + A, under addition infact for all 
A,BeS. 


Consider 
AxB 


= {3x7+ 2, 10x? + 4x + 1} x {x’+ 3x41, 3x°+4} 


= {3x7+2xx’+3x4+1,3x?+2 x 3x°+4, 10x? + 
4x+1xx’+3x+1, 10x?+4x+1 x 3x*+4} 
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= {21x + 9x? + 3x? + 2x’ + 6x + 2, 9x! + 6x8 + 
12x? + 8, 10x!? + 4x° + x” + 30x* + 12x” + 3x + 
10x? + 4x + 1, 30x! + 12x? + 3x® + 40x? + 16x + 


= {21x? + 2x’ + 9x? + 3x” + 6x + 2, 9x!? + 6x8 + 
12x? + 8, 10x'? + 4x° + x’ + 3x* + 10x? + 12x’ 4 


Tx + 1, 30x'! + 12x? + 3x° + 40x? + 16x +4} €S. 


It is easily verified A x B = B x A for all A, B € S as 
basically polynomial multiplication is commutative. 


By using the notion of subset polynomial semiring of type 
II we get subset semifields of infinite order. 


Example 3.60: Let S = {Collection of all subsets from the 
polynomial semiring L[x] where L = 


be the subset polynomial semiring. 
S is again a subset semifield. 


We have the following theorem. 
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THEOREM 3.3: Let S = {Collection of all subsets from the 
polynomial ring (R° U {0) [x] (or (O° UO) [x], (ZL {OP fx] 
or C,[x]; n < c C, a chain lattice of length n)} be the subset 
polynomial semiring of type II. 


Sis a subset polynomial semifield. 


The proof is direct and hence left as an exercise to the 
reader. 


It is pertinent to keep on record that we do not have subset 
field of polynomials further we do not have subset semifields if 
we build subset polynomials from the distributive lattices which 
are not are chain lattices and also over semirings 
(Z* U {0}) (g) [x] where g’ = 0 and so on. 


We will just illustrate this situation by an example or two. 


Example 3.61: Let S = {Collection of all subsets from the 
polynomial semiring (Z> U {0})(gi,g2)[x]; where g; = 0, 
g5 = go and gig» = gog; = 0}! be the subset polynomial semiring. 


Clearly S is not a subset semifield, for if A = {8g,} and 
B = {18g)x* + 10x*g, + 12g;} € S, we see A x B = {0} so S is 
not a subset semifield only a subset semiring. 


Example 3.62: Let S = {Collection of all subsets from the 
polynomial semiring 


a, € L[x] 


M= [Zax 
i=0 


where L is a distributive lattice given in the following: 
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L= 1 
a b 
c 
d 
e 
f 
DX 
k 1 
0 


be the subset polynomial semiring. Clearly S is not a subset 
semifield. 

Take A = {kx'? + jx +k, jx'® + kx” + j} and B = {Ix” + 
Ix'*, 7°} € S. We see A x B= {0}. 


Thus S is only a subset semiring and is not a subset 


semifield. 


Example 3.63: Let S = {Collection of all subsets from the 


polynomial semiring 


a; € L[x] where L = 


M= 3 ax’ 
i=0 
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ed 
KAY 


be the subset polynomial semiring. S is not a subset polynomial 
semifield as S has subset zero divisors. We see if L has zero 
divisors then S also has subset zero divisors. 


Example 3.64: Let S = {Collection of all subsets from the 
polynomials semiring (L; x L2) [x]; where L; = 
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and L = Boolean algebra of order 2°}} be the subset polynomial 
semiring. S is not a subset semifield. 


Example 3.65: Let S = {Collection of all subsets from the 
polynomial semiring 


ae (QV U {0}) (g1, 22, 23), gi 7 0, ne = 22, 


M= [Sax 
i=0 
g; = 0, gig; = gjgi= 0, 1 <i, j <3}} 


be the subset polynomial semiring which is not a subset 
semifield. 


Example 3.66: Let S = {Collection of all subsets from the 
polynomial semiring 


M= {Sax a, € L; x L, x L; where 


i=0 


L, = a Boolean algebra of order 2*, Ly = Ce a chain lattice and 
L; = 
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be the subset polynomial semiring which is not a subset 
polynomial semifield. 


Now we proceed onto describe subset interval polynomial 
semirings. 


Example 3.67: Let S = {Collection of all subsets from the 
interval polynomial semiring 


ai, b; € Ru {O}}} 


M= {Zitat ]x' 


i=0 


be the subset interval polynomial semiring which is not a 
semifield. 


Example 3.68: Let S = {Collection of all subsets from the 
interval polynomial semiring 


ai, b; E Ow {O}}} 


i=0 


M= [Stash 


be the subset interval polynomial semiring of M. S is not a 
semifield. 


Example 3.69: Let S = {Collection of all subsets from the 
interval polynomial semiring 


a,b; e L= a6 


M= {Stave 


i=0 
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be the subset interval polynomial semiring. 


L is a chain lattice and has no zero divisors but S has subset 
zero divisors. 


Take A = {[0, a;]x® + [0, a3]x° + [0, a]x* + [0, ai], 

[0, ag]x’ + [0, ar]} 
and 
B = {[aj, 0]x” + [a3, 0], [a3, 0]x? + [a1, O]x” + [as, O]} € S. 


We see A x B= {[0, OJ}. 


Thus S has subset zero divisors so S is not a subset interval 
polynomial semifield only a subset interval polynomial 
semiring. 


Example 3.70: Let S = {Collection of all subsets from the 
polynomial semiring 


ai, b; = Qu {O}}} 


M= [Zt }x' 


i=0 


be the subset interval polynomial semiring. S is not a subset 
interval polynomial semifield. Consider A; = {Collection of all 
subsets from the interval polynomial subsemiring 


ae Q*U {OI} CM} CS 


P, ~{ So 


i=0 


is a subset interval polynomial subsemiring of S. 


A> = {Collection of all subsets from the interval polynomial 
subsemiring 


aeQ u{}icM}cS 


P,= {Stevo 


i=0 


is a subset interval polynomial subsemiring of S. 
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We see A, and A) are subset interval polynomial semiring 
ideals of S. Clearly A; x Az = {[0, OJ}. 


That is every element in A, annihilates every element in A, 
and vice versa. 


If in the example 3.70; Q° U {0} is replaced by any 
semiring or any semifield or by a chain lattice or any other 
distributive lattice still the results hold good. 


Example 3.71: Let S = {Collection of all subsets from the 
interval polynomial semiring 


uf 


[a.sb; Ix’ 


Ms 


a;,b; €e L= 


iT 
i) 


0 


be the subset interval polynomial semiring. Clearly S is not a 
subset semifield. 


Inview of this we have the following theorem. 
THEOREM 3.4: Let S = {Collection of all subsets from the 


interval polynomial semiring 


— {Elan a,b) € ZU {0} (or O° UV {0} or R’ {0} 


or (O° U {0})(g) (g’ = 0), L a distributive lattice and so on)}} 
be the subset interval polynomial semiring. 
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(i) S has infinite number of subset interval polynomial 
zero divisors. 

(ii) S has two subset interval polynomial semiring ideals 
A, and A such that A; x A = £[0, O]}. 


The proof is direct and hence left as an exercise to the 
reader. 


We have already given examples of these. 


Now we proceed onto give examples of finite subset 
interval polynomial semirings of type II. 


Example 3.72: Let S = {Collection of all subsets from the 
interval polynomial semiring 


a,b; € L,O<i<8andx’=1} 


M= {Davi 


i=0 


and L is the lattice which is as follows: 
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be the subset interval polynomial semiring of finite order. S is 
commutative but has subset zero divisors. 


Example 3.73: Let S = {Collection of all subsets from the 
interval polynomial semiring 


a;, b; € L as follows: 


i=0 


M= {Sotav tu 


be the subset interval polynomial semiring of finite order which 
is commutative. 


S has subset interval polynomial semiring ideals as well as 
subset zero divisors and subset idempotents. 


Example 3.74: Let S = {Collection of all subsets from the 
interval polynomial semiring 


ai, b, € LSy; x*=1;0<i<3} 


i=0 


M= {Dotan 


and L is as follows: 
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be the subset interval polynomial semiring of type II of finite 
order. 


The main feature about this S is that S is a non commutative 
subset polynomial interval semiring of finite order. 


Example 3.75: Let S = {Collection of all subsets from the 
interval polynomial semiring 


ai, b; € (L; x Lz) Aq where L, is a 


i=0 


M= [Dtavtuw 


Boolean algebra of order 2* and L» is chain lattice C19; 0 <i < 
7} and x* = 1}! be the finite interval subset polynomial 
semiring of finite order which is non commutative. 


If L, x Ly is replaced by Z’ U {0} or (Z* UT) U [0] or 
Q* U {0} and so on we get non commutative infinite subset 


interval polynomial semirings of type II. 


We suggest the following problems for this chapter. 
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Problems 


1, 


What are the special features enjoyed by subset semirings 
of type II? 


Distinguish between the subset semirings of type I and 
subset semirings of type II. 


Give some examples of subset semiring of finite order 
which is non commutative. 


Let S = {Collection of all subsets from the semiring 
S=Z' U {0}} be the subset semiring of type II. 


(i) Does S contain subset zero divisors? 

(ii) Can S have subset idempotents? 

(iii) Can S have subset subsemirings which are not subset 
semiring ideals? 

(iv) Is S a S-subset semiring? 

(v) Can S have S-subset semiring ideals? 


Let S; = {Collection of all subsets from the semiring 
(Z’ UT) U {03} be the neutrosophic subset semiring. 


Study questions (i) to (v) of problem 4 for this Sj. 

Let S = {Collection of all subsets from the semiring 
(Z* U {0})(g) where g* = 0} be the subset semiring of 
type I. 

Study questions (1) to (v) of problem 4 for this S. 


Let S; = {Collection of all subsets from the semiring 
(Z° U {03) (g) where g” = g} be the subset semiring. 


Study questions (1) to (v) of problem 4 for this Sj. 


Is S; in problem 5 isomorphic with this S;. 


11. 
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Let S = {Collection of all subsets from the subset 
semiring (Z’ U {0}) (g1, 82) where g; =0, 8; = g2, 8182 = 
281 = 0} be the subset semiring of type II. 


Study questions (i) to (v) of problem 4 for this S. 


Let S = {Collection of all subsets of the semiring R™ U 
{0}} be the subset semiring of type II. 


Study questions (1) to (v) of problem 4 for this S. 

Let S = {Collection of all subsets from the semiring L = a 
Boolean algebra of order 2°} be the subset semiring of 
type II of finite order. 


Study questions (1) to (v) of problem (4) for this S. 


Let S = {Collection of all subsets from the semiring L = 


a6 a7 


be the subset semiring of type II of finite order. 


Study questions (i) to (v) of problem (4) for this S. 
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12. Let S = {Collection of all subsets from the semiring M = 


1 
ay a 
a3 
as a4 
a6 
ay 4 ag 
aii a2 


be the subsetsemiring of type II. 


(i) Find o(S). 

(11) | Find the number of subset zero divisors in S. 

(111) Find the number of subset idempotents of S. 

(iv) Find the number of subset subsemirings of S. 

(v) Find the number of subset semiring ideals in S. 

(vi) Find the number of subset subsemirings which are 
not subset semiring ideals. 

(vii) Is S a Smarandache subset semiring? 

(viii) Can S have subset semiring S-ideals? 

(ix) Can S have S-subset subsemirings? 

(x) Can S have S-subset zero divisors? 


13. Study the special features enjoyed by non commutative 
finite subset semirings. 


14. Let S = {Collection of all subsets from the semiring B, a 
Boolean algebra of order 32} be the subset semiring. 


Study questions (i) to (x) of problem (12) for this S. 
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15. Let S = {Collection of all subsets from the semiring 
L, x L, where 


and L, = 


be the subsemiring of finite order. 
Study questions (1) to (x) of problem (12) for this S. 
16. Let S = {Collection of all subsets from the semiring 


L(g) = {a + bg | a, b € L where 


Le and g’ =0}} 
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be the subset semiring of type II. 
Study questions (i) to (x) of problem (12) for this S. 


Let S = {Collection of all subsets from the semiring 


17. 
L(gi,g2) = {a+ bg, +cg|a,b,c EL, g =0, 8) =m, 
£12 = S281 = O} and L= 

1 
ay 
a2 
a3 
a4 
as 
a6 az 
0 
be the subset semiring of type II. 
Study questions (1) to (x) of problem (12) for this S. 
18. Let S = {Collection of all subsets from the semiring LA, 
where L = I 
a7 
a 
as 
a4 
a a3 
a) 


19. 


20. 


21; 
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be the subset semiring of type II. 
Study questions (i) to (x) of problem (12) for this S. 
Let S = {Collection of all subsets from the semiring 


LS3 where L = 


be the subset semiring of type II. 

Study questions (i) to (x) of problem (12) for this S. 

Let S = {Collection of all subsets from the semiring LA; 
where L is a Boolean algebra of order 64} be the subset 
semiring. 


Study questions (i) to (x) of problem (12) for this S. 


Let S = {Collection of all subsets from the semiring 
(L x L))S4; L= 
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22; 


23. 


and L; = 


be the subset semiring of type II. 
Study questions (1) to (x) of problem (12) for this S. 


Let S = {Collection of all subsets of the semiring 
(Z” UI)S(3)} be the subset semiring of type II. 


Study questions (1) to (v) of problem (4) for this S. 


(i) Prove S is non commutative. 

(11) Can S have subset semiring right ideals which are 
not subset semiring left ideals? 

(iii) Can S have right subset zero divisors which are not 
left subset zero divisors? 


Let S = {Collection of all subsets from the semiring 
(Z’ UU {0})(Ay x Dz7)} be the subset semiring of type 
Il. 


24. 


25. 


26. 
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Study questions (1) to (v) of problem (4) for this S. 
Study questions (i) and (iii) of problem 22 for this S. 


Let S = {Collection of all subsets from the semiring 


(Q (gi, B2, gs) L {0})} where gi = 0, g> = g2, g; = 0, 
gig; = gigi = 9, 1 < 1, j < 3} be the subset semiring of type 
Il. 


Study questions (i) to (v) of problem (4) for this S. 

Study questions (1) to (iii) of problem (22) for this S. 

Let S = {Collection of all subsets from the semiring 
L(S4 x D29) where L = {Boolean algebra of order 16}} be 
the subset semiring of type II. 

Study questions (1) to (v) of problem (4) for this S. 

Study questions (i) to (iii) of problem (22) for this S. 

Let S = {Collection of all subsets from the semiring 
(L; x Ls) (Ay x D21,) where L; is a Boolean algebra of 


order 32 and L, = 
1 


ay a 
a3 
a4 
as 
a6 é ag 
ao ait 
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27. 


28. 


29. 


30. 


be the semiring of type IJ. 
Study questions (1) to (v) of problem (4) for this S. 
Study questions (i) to (iii) of problem (22) for this S. 


Let S = {Collection of all subsets of the semiring 
(ZU {0}) Dy 5} be the subset semiring of type II. 


Study questions (1) to (v) of problem (4) for this S. 
Study questions (i) to (iii) of problem (22) for this S. 


Let S = {Collection of all subsets from the semiring 
(Q’ ULL {0!) Do13} be the subset semiring of type II. 


Study questions (1) to (v) of problem (4) for this S. 

Study questions (i) to (iii) of problem (22) for this S. 

Let S = {Collection of all subsets from the matrix 
semiring M = {(aj, a, a3, a4, as) | a, € (Z7 UT U {0}), 
1 <i <5}} be the subset semiring of type II. 

Study questions (1) to (v) of problem (4) for this S. 

Study questions (i) to (iii) of problem (22) for this S. 

Let S = {Collection of all subsets from the semiring 


M= {(ay, a, ..., aio) | ai E L= 
1 


31. 


32. 


Subset Semirings of Type II | 173 


1 <i< 10} be the subset semiring of type II. 


(i) Find o(S). 

(ii) Find all subset zero divisors of S. 

(iii) Find all subset units of S. 

(iv) Find all subset idempotents of S. 

(v) Find all subset matrix subsemiring of S. 

(vi) Find all subset semiring ideals of S. 

(vii) Find all subset matrix subsemirings of S which are 
not subset matrix semiring ideals of S. 

(viii) Is S a Smarandache subset matrix semiring? 


Let S = {Collection of all subsets from the matrix 
semiring M = (d), do, ..., dio) | di e L= 


1 
a) ao 

a3 

a4 

as 

a6 

a ag 
0 


1 <i< 10}} be the subset semiring. 
Study questions (i) to (viii) of problem 30 for this S. 


Let S = {Collection of all subsets from the matrix 


By Ag. ee “Aig 
semiring M= 4] a,, a, «.. Aq || ai= (Xi, yi) € Where 


45, Ane A) 
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x; € L; andy; ¢ L, and L=L, x L, with 


b= 1 
ay a2 
a3 
a4 
as 
xX 
ai ag 
0 
and L, = 1<i<30} 


dy 


dy 


be the subset semiring. 


Study questions (i) to (vii1) of problem 30 for this S. 


33. 


34. 


35. 
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Let S = {Collection of all subsets from the matrix 


a; 


semiring M = a; € B where B is a Boolean 


algebra of order 2°; 1 < i < 20} be the subset semiring. 
Study questions (1) to (viii) of problem 30 for this S. 
If in problem if 33 B is replaced by a chain lattice Cio. 


Study questions (i) to (viii) of problem 30 for this subset 
matrix semiring. 


Let S = Collection of all subsets from the matrix semiring 


uf 2 


a; € LSy; 1 <i< 4; and L= 


1 
a b 
Cc 
d e 
g h 
0 


be the subset matrix semiring. 
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Study questions (1) to (viii) of problem (30) for this S. 


36. Let S = {Collection of all subsets from the matrix 


semiring M = mS : ai € (Li x Ly)Do7; 


1 <i< 15 where L, is a Boolean algebra of order 2° and 


L, =Cy= 1 


ay 


be the subset matrix semiring. 
Study questions (1) to (viii) of problem (30) for this S. 


37. Let S = {Collection of all subsets from the matrix 


Bp Ga “ay Ay 


semiring M = a; € L(Dz7 x Ss); 


ay Ayo ayy Ai. 


a3 ayy ay5 Ai6 


1 <i < 16} be the subset matrix semiring. 


38. 


39. 


40. 


41. 
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Study questions (i) to (viii) of problem 30 for this S. 


Let S = {Collection of all subsets from the matrix 


ay. By. se “By 
semiring M= {|a, a, «. ay |fae(Z UD S3, 
Bip Aggy ne Bay 


1 <i< 27} be the subset matrix semiring of infinite order. 


(i) Prove S is non commutative. 

(ii) Can S have subset right zero divisors which are not 
subset left zero divisors? 

(iii) Can S have subset idempotents? 

(iv) Does S contain subset left semiring ideals which are 
not subset right semiring ideals and vice versa. 

(v) IsSaSmarandache subset semiring? 

(vi) Does S contain S-subset semiring ideals? 


Give some special properties enjoyed by subset interval 
matrix semirings. 


Let S = {Collection of all subsets from the interval matrix 
semiring M = {([a1, bi], [a2, bz]) | ai, bi € ZU {0}, 1<i< 
2} be the subset interval matrix semiring. 


(i) | Characterize those subset zero divisors. 

(ii) Find all subsets matrix interval semiring ideals of S. 

(iii) Find all subset matrix interval subsemirings of S 
which are not subset semiring ideals of S. 

(iv) Is SaSmarandache subset interval matrix 
semiring? 

(v) Find all subset matrix subset interval zero divisors 
of S. 


Let S = {Collection of all subsets from the interval row 
matrix semiring M= {([ai, bi] [a, bo] ee) [a6, be]) | ai, bi 
are in 
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42. 


43. 


1 <i< 6} be the subset interval row matrix semiring. 


(i) Find o(S). 
(ii) | Study questions (i) to (v) of problem 40 for this S. 


Let S = {Collection of all subsets from the interval row 
matrix semiring M = {([a;, by] [a2, bo], ..., [ao, bo]) | ai, b; 
€ LS; where L is the chain lattice C;2, 1 <i < 9} be the 
subset interval row matrix semiring. 


(i) Find o(S). 
(ii) Prove S is non commutative. 
(111) Study questions (i) to (v) of problem 40 for this S. 


Let S = {Collection of all subsets from the interval row 
matrix semiring M = {([a;, by] [a2, bo] , ..., [as, bs]) | ai, b; 
e (Z" U {0}) (21, g2) with gy =0, 8) = g2, 8182 = B81 = 
0, 1 <i<5}} be the subset interval row matrix semiring. 


(1) Show S is non commutative. 
(11) Study questions (i) to (v) of problem 40 for this S. 


44, 


45. 


46. 
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Let S = {Collection of all subsets from the interval row 


[a,.b,] | 
[a,,b,] 
matrix semiring M = 4| [a,,b,] || a;, b; ¢ RU {0}, 
[az-6,1 
[a;,b,] | 


1 <i<5}} be the subset interval matrix semiring. 
Study questions (1) to (v) of problem 40 for this S. 
Let S = {Collection of all subsets from the column 
interval matrix semiring M = {9 x | interval column 


matrices with entries from (Q” U {0!) Dz9}} be the subset 
interval column matrix semiring. 


(i) Prove S is non commutative. 


(ii) | Study questions (i) to (v) of problem 40 for this S. 


Let S = {Collection of all subsets from the interval 
[a,,b,] 
a 

column matrix semiring M = ie a;, b; € 


[a,;,b,;] 
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1 
L= 
i h 
g 
f 
d e 
Cc 
a b 
0 


1 < i < 15}} be the subset interval column matrix 
semiring. 


(i) Find o(S). 
(ii) | Study questions (i) to (v) of problem 40 for this S. 


47. Let S = {Collection of all subsets from the interval 


[a,,b,] 


[a,,b,] 
: soe 2 2: 
column matrix semiring M = ‘ a;, b; € LS4 


[aio. bio] 


where L is a Boolean algebra of order 2°; 1 < i < 10}} be 
the subset interval column matrix semiring. 


(i) Find o(S). 
(11) | Study questions (i) to (v) of problem 40 for this S. 
(iii) Prove S is non commutative. 
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48. Let S= {Collection of all subsets from the interval 


[a,,b,] [a,b] 


a,,b a,,b 
column matrix semiring M = st dol sa J 


[a,,.6,,] [a,,b..] 


a, bi € R’ U {0}, 1 < i < 123} be the subset interval 
matrix semiring. 


Study questions (i) to (v) of problem 40 for this S. 


49. Let S = {Collection of all subsets from the interval 
column matrix semiring 


[a,,b,] [a,,b,] oss [gag] 
M= 5! [aj9Dio) [ais By] «+ [ages Dig] | | ae Bie LE 
[aig,Di9] [a.bao]  --- [839.b30] 


L a Boolean algebra of order 64, 1 < i < 30}} be the 
subset interval matrix semiring. 


(i) Find o(S). 
(ii) Study questions (i) to (v) of problem 40 for this S. 


50. Let S = {Collection of all subsets from the interval 
column matrix semiring 


[a,,b, ] [a,,b, ] [a;,b,] [a,,b,] [a;,b,] 


M= Pee! Ean ee ai Laro-Pri] 


[A564] [A2,b.9] [A23.b23]  [Ar42b24] [825,625] 
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1 <i< 253} be the subset interval matrix semiring. 


(i) Find o(S). 
(ii) | Study questions (i) to (v) of problem 40 for this S. 


51. Let S = {Collection of all subsets from the interval 


[a Oil aoc, Bel 


. oo. [a,,b,] aa [a,,,b,,] 
column matrix semiring M = ‘ . 


[a5,,b,,] ... [a5¢,bs6] 


a;, b; € L(Do9 x Ay) where L is a Boolean algebra of order 
128, 1 <i<36}} be the subset interval matrix semiring. 


(i) Find o(S). 
(ii) | Study questions (i) to (v) of problem 40 for this S. 


22; 


53. 


54. 


55. 


56. 
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Let S = {Collection of all subsets from the interval 


[a0 , Se. laid 


. ee [a,,.b,,] see [aaj Bead 
column matrix semiring M = . : 


[a¢1.b.,] fer [a79,b 9] 


ai, bj € (Q’ U {0})S4, 1 < i < 70}} be the subset interval 
matrix semiring. 


Study questions (i) to (v) of problem 40 for this S. 


Give some special and interesting features enjoyed by 
subset interval polynomial semirings of type II. 


Distinguish type I and type II subset interval polynomial 
semirings. 


Give an example of a subset interval polynomial semiring 
of finite order of type II. 


Let S = {Collection of all subsets from the interval 


polynomial semiring M = {Sta a,b; € Z” U {0}} 
i=0 


be the subset interval polynomial semiring of type II. 


(i) Find subset interval zero divisors of S. 

(ii) Find subset interval idempotents if any in S. 

(iii) Find all subset interval polynomial subsemirings 
which are not subset interval polynomial semiring 
ideals of S. 

(iv) Is S aSmarandache subset interval polynomial 
semiring? 

(v) Find the collection of all subset interval annihilator 
ideals of S. 
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57. Let S = {Collection of all subsets from the interval 


polynomial semiring M = {Sta 


i=0 


ai, b; € (QV U 


{0}) S4} be the subset interval polynomial semiring. 


(i) | Study questions (i) to (v) of problem 56 for this S. 
(11) Prove S is anon commutative interval polynomial 
semiring. 


58. Let S = {Collection of all subsets from the interval 
polynomial semiring 


M= {Stat a;, b; ¢ L where L is as follows: 


i=0 


1 
a b 
c 
d 
e 
f g 
g k 
0 


the subset interval polynomial semiring. 


(i) | Study questions (i) to (v) of problem 56 for this S. 


59. 


60. 


61. 


62. 
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Let S = {Collection of all subsets from the interval 
polynomial semiring 


M= {Status 


i=0 


a;, b; ¢ LD27 where L is a Boolean 


algebra of order 128}} be the subset interval polynomial 
semiring. 


(i) Prove S is anon commutative. 
(ii) | Study questions (i) to (v) of problem 56 for this S. 


Let S = {Collection of all subsets from the interval 
polynomial semiring 


a, bj € (Z’ U {03), S7,0<i<9 and 


M= {Statue 


i=0 


x= 1}} 
be the subset interval polynomial semiring. 


Study questions (1) to (v) of problem 56 for this S. 
Let S = {Collection of all subsets from the interval 


polynomial semiring 


a. bee b0<728;% =—1 


M= {Status 


i=0 


where L is a chain lattice C25}! be the subset interval 
polynomial semiring. 


(i) Find o(S). 
(ii) | Study questions (i) to (v) of problem 56 for this S. 


Let S = {Collection of all subsets from the interval 
polynomial semiring 
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aj, b; € LDDs, 0 $1<5,x°=1: 


1 


9 
M= | [a,,b, Jx' 
i=0 


be the subset interval polynomial semiring. 


(i) Find o(S). 
(ii) Prove S is non commutative. 
(111) Study questions (i) to (v) of problem 56 for this S. 


63. Enumerate some special features enjoyed by non 
commutative subset interval polynomial semirings of 
finite order. 


64. Give an example of a non commutative subset interval 
polynomial semiring which has left subset zero divisors 
which are not right subset zero divisors. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


Subset Semirings of Type II | 187 


Characterize those subset interval polynomial semirings 
which has Smarandache subset zero divisors? 


Can a subset interval polynomial semiring have S-subset 
interval units? 


Can a subset interval polynomial semiring have 
Smarandache subset idempotents? 


Describe any other stricking features enjoyed by subset 
interval polynomial semirings. 


Characterize those subset interval polynomial semirings 
in which every subset interval polynomial semiring ideal 
is Smarandache. 


Characterize those subset interval polynomial semiring in 
which no subset interval polynomial semiring ideal is 
Smarandache. 


Characterize those subset interval polynomial semiring in 
which every subset interval polynomial subsemiring is 
Smarandache. 


Characterize those subset interval polynomial semiring S 
in which no subset interval polynomial subsemiring is 
Smarandache but S is a Smarandache subset interval 
polynomial semiring. 


Does there exist a subset interval polynomial semiring 
which is not Smarandache? 


Can there be a subset interval polynomial semiring which 
is a subset interval semifield? 


Does there exists an infinite subset interval polynomial 
semiring which has no subset interval polynomial 
semiring ideals? 
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76. 


hh 


78. 


79. 


80. 


Obtain some special features enjoyed by S = {Collection 
of all subsets from the interval polynomial semiring 


ai, b; € (ZU {0} UDF}. 


M= {Status 


i=0 


If in problem 76; (Z’ U {0} UI) is replaced by (R* U {0} 
U I) study the special features and distinguish it from S in 
problem 76. 


If in problem 76, (Z° U {0} UI) is replaced by L; x Lz x 
L3 where L = Cy a chain lattice, L, a Boolean algebra of 
order 32 and L3 = 


1 


2 
om 


0 
Study this and compare it with problems 76 and 77. 


If in problem 77, (Z’ U {0} U I) is replaced by 


Study the problem and compare it with problems 77 and 
78. 


Find some innovative and interesting applications of 
subset semiring interval polynomials of finite order. 


Chapter Four 


NEW SUBSET SPECIAL TYPE OF 
TOPOLOGICAL SPACES 


In this chapter we just study and briefly introduce different 
types of subset topological special type of semiring spaces 
associated with them. We give atleast four types of topological 
spaces associated with type I or type II subset semirings. 


DEFINITION 4.1: Let S be a subset semiring of type I. 
T, = {85 U7; S’=S U £G}} is the ordinary subset topological 
semiring space of type I of S. 


TU = {S’=8S VU {@, YU x} is a new type of subset special 
topological semiring space of type I of S. 


T,= {S’=S U {@}, +, A} is a new type of subset special 
topological semiring type I space of S. 


T, = {S, +, x} is defined as the new type of special 
topological semiring type I with inherited operations of the ring 
or semiring space of S. 
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We see for a given subset semiring S of type I we can 
associate four different types of topological semiring type I 
spaces of S. 


We will illustrate this by some examples. 
Example 4.1: Let 
S = {Collection of all subsets from the ring Z,2} be the type I 


subset semiring. 


We will give all the four types of topological spaces for this 
type I subset semiring. Let T,, TU, T, and T; be the four types 
of special subset topological type I semiring spaces. 


Let A= {2, 11,8} B= {5,7,0,2} €S’'=SU {} € Ty. 
We find 
AUB 


, 11, 8} U £5, 7, 0, 2} 
"2, 5,7,8, 11} bt I 


= {2, 11, 8} A {5, 7, 0, 2} 
= {2} are in To. 


Let A,B € T, weseeAUBisI 
AxB 
= {2, 11, 8} x {5, 7, 0, 2} 
= {0, 4, 10, Dy Ds Lg Oh 
We see T. and T, are different as topological spaces. 


Consider A, B € T, 


A+B 
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ANB 
= {2,11, 8} A {5, 7, 0, 2} 
= eye 


A+BandAn Bare in T,. 
So Tu, T, are also different from T, as topological spaces. 
We now study for A, B in T,. 


A+B 
5, 7} 


, 8} + (0,2, 5,7 
,8,4,1 ,9, 6, 3} and 


2, 
4,1, 10, 
AxB 
= {2, 11, 8} x {0, 2, 5, 7} 
= {0, 4, 10, 7, 2, 5, 8} are in T,. 
T, is different from the topological spaces T,, T. and T,. 


Thus all the four types of special new topological semiring 
spaces of type I are described. 


Example 4.2: Let 
S = {Collection of all subsets from the ring of integers Z} be the 


subset semiring of type I. 


Let A = {-8, 6, 0, 9, 12, -3} 
and B = {6, 5, 1,-1,4,-7} € S 


Let T, be the ordinary topological space of type I. 
Consider 
A U B = {-8, 6, 0, 2; 12, —3} + {6, 5, 1, =1, 4, -7} 


= {0, 1, -1, 4, -7, 6, 5, 9, 8, 12, -3} and 
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AQB = {-8, 6, 9, 0, 12, -3} 7 {6, 5, 1,-1, 4, -7} 
= 40): 
Clearly AU B and A - Bare in T,. 


Consider TU, the special new type of topological semiring 
space of type I. 


AUB ={£8, 6, 0,9, 12,-3} U {6, 5, 1,-1, 4,7} 
= {0, 1,-1, 4, -7, 6, 5, 9, -8, 12, -3} and 
AxB = {0,-8, 6, 9, 12,-3} x {6,5, 1,-1, 4, -7} 
= {0, -48, 36, 54, 72, -18, -40, 30, 45, 60, -15, -8, 


6, 9, 12, —3, 8, -6, —9, -12, 3, —32, 24, 48, 56, 
—42, -63, -72, 21}, 


both A U B and A x B are in TV. 


We see T. and T, are distinctly different as topological 
spaces. 


Consider A, B € T,; 


A+B = {0,-8, 6, 9, 12,-3} + {6, 5, 1,-1, 4,-7} 


6605; ee 0 aS 19, 1 
7, 5, 10,1, 15, 14, 10, 8, 13, 2, 18, 17, 13, 11, 
16; 5:3,9,.20,-4 1103 


= {6, 5, 1, -1, 4, -7, -2, -9, +4, -15, 12, 11, 7, 10, 
15, 14, 10, 8, 13, 2, 18, 17, 16, 3, -10} 


and 
A CY B = {-8, 6, 9, 0, 12, —3} ia) {6, 5, k=] 4, =]} = {6}. 


A+BandAn Bare in To. 
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We see Tu, T, and T, are different as topological spaces. 
Let A, B € Ty. 
A+B = {0,-8, 6, 9, 12,-3} + {6, 5, 1,—1, 4, -7} 
= {6, 5, 1,-1, 4, -7, -2, 12, 15, 18, 3, 11, 14, 17, 2, 
—7, 7, 10, 13, —2, -9, 5, 8, 11, -4, 10, 13, 16, 1, 
—15, -1, 2, 5, -10} and 


= {6, 5, 1, -1, 4, -7, -2, 12, 15, 18, 3, -3, 11, -10, 
14, 17, 2, 7, 10, 13, -9, 5, 8, -4, 16, -15} and 


AxB = {0,-8, 6, 9, 12,-3} x {6, 5, 1,-1, 4,-7} 


= {0, 48, 36, 54, 72, -18, 40, 30, 45, 60, —15, -8, 
6, 9, 12, -3, 3, -12, -9, —6, 8, —32, 24, 36, 48, 
12, 56, 42, -63, —84, 21} 


= {0, 48, 36, 54, 72, —18, 40, 30, 45, 60, —15, -8, 
6, 9, 12, -3, 3, -12, -9, —6, 8, —32, 24, 48, 56, 
—42, —63, —84, 21} are in T;. 


T, is different from T,, TU and T,, as topological spaces. 


Example 4.3: Let 
= {Collection of all subsets from the ring C(Z¢)} be the subset 


semiring of type I. Let T,, TU, T, and T; be the four new types 
of special subset topological semiring spaces of type I. 


A= {ip, 2+ 3ip, 0, 4+5ir} and 
B= {2 + 3ip, 0, 4, 3ip, 5 + 2ip, 2+ 2ip} € S 


Let us take A, B € T, the ordinary special topological 
semiring space of type I of S. 


AUB = {ig, 2 + 3ig, 0, 4 + Sip} U {2 + ig, 0, 4, 3ig, 
5 + 2ip, 2+2ip} 
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= fig, 2+3ip, 0, 4+5ip, 4, 3ip, 5+2ip, 2+2ig} and 
AQB = {ig, 2+3ip, 0, 4+5i¢} A {0, 4, 3ip, 2+3ip, 
5+2ip, 2+2i¢} 
= {0, 2+3if}. 
AOB,AUB € Ty. 
Now let A, B € Ty 
To find A U B and A x B. 


We see 


AUB = {ig, 2+3ip, 0, 4+5ip} U {0, 4, 2+3ip, 
3ip, 5+2ip, 2+2ip} 


= {ip, 2+3ip, 4+5ip, 0, 4, 3ip, 2+2if, 5+2ip} and 


AxB = {ip, 2+3ip, 0, 4+5ig} x {0, 4, 2+3 ip, 3ig, 
5+2ip, 2+2ip} 


= {0, 4ip, 2, 4+2ip, 2ipt3, 1, 5+41p, 3, Sipt+4, 
At+ip, 4+3ip, 2ip+4, 4+4ip, 2} are in TU. 


Tu is a special new topological semiring type I space 
different from T). 


Let A,B € Ta. 


AQB = {ip, 2+3ip, 0, 4+5ip} CY) {2+3ip, 0, 4, 3ig, 
5+2ip, 2+2ir} 


= {0,2 + 3i-} and 


A+B = fig, 2+3ip, 0, 4+5ip} + {2 + 3iz, 0, 4, 3ip, 
5+2ip, 2+2ip} 
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= {2+4ip, 4+ir, 2+3ip, 2ip, 0, Ip, 4+Sir, 31, 4, 2+Sir, 
Aip, 2, 442i, 5+3ip, 1+5ip, 5+2ip, 3+ip, 2+3ip, 
2+3ip, 2+2i¢} € LAs 


We see T, is different from T, and Ty. as topological 
spaces. 


Now we see if A, B ¢€ Ts. 


A+B = {ig, 31p + 2, 0, 4+5i¢} + {0, 4, 3ip, 2+3ip, 5+2i, 
2+2i¢} 


= {0, 2+4ip, 4+ip, 2+3ip, Zip, ip, 4+5ip, 3ip, 4, 2+5ip, 
Aip, 2, 4+2ip, 5+3ip, 1+5ip, 2+2ip, 5+2ip, 3+1p, 
2+3ip} and 


AxB = {ip, 0, 2+3 ip, 4+5ig} x {0, 4, 2+3 ip, 3ip, 5+2ip, 
2+2i¢} 


= {0, 4ip, 2, 4+2ip, 1, 2i-+3, 3, 5+4ip, Sipt4, 4+ip, 
4+3ip, 2ipt4, 44+4ip, 2} © T,. 


We see T, is also different from all the three special type of 
subset topological semiring type I spaces. 


Example 4.4: Let 
S = {Collection of all subsets from the ring C((Z,; U I))} be the 
subset semiring of type I. 


Associated with S we have four distinct special topological 
subset semiring spaces of type I. 


Example 4.5: Let 
S = {Collection of all subsets from the ring (C U I)} be the 
subset semiring of type I. 


This also has four subset special topological semiring 
spaces of type I associated with it. 
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We have both infinite and finite subset special topological 
semiring spaces of type I. 


We can as in case of usual spaces define set ideal (ideal) 
subset topological semiring spaces of type I. 


Let R be a ring and IJ be a ideal of R. 


S = {Collection of all subsets of the ring R} be the subset 
semiring of type I. 


M = {Collection of all set ideals of R over P, P a subring of 
the ring R}. 


S, = {Collection of all subsets from M} cS. 


S; is defined as the subset set ideal of S over the subring P 
of R. 


We see S, can be given a topology and S, with a topology 
will be defined as the subset set ideal topological semiring of 
type I space over the subring P of R. 


We will illustrate this situation by an example or two. 


Example 4.6: Let 
S = {Collection of all subsets from the ring Z,2} be the subset 
semiring of type I. Let P = {0, 4, 8} CZ). be the subring of S. 


Now M = {Collection all subset semiring set ideals of S 
over the subring P of Z,2}. M can be given all the four 


topologies and it will be denoted by T’, T’,, T? and T? where 


T. is the ordinary set subset ideal semiring topological space 
related to M of P; P the subring of Z). 


T.” is the new type subset set ideal special topological space 


where T® = {M, VU, x} related to the subring P C Zjp. 
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T? = {M’=M vu {6}, +, O} related to the subring P c Zi is 
the new type subset set ideal special topological space. 


T; = {M, +, x} is the special set ideal subset topological 
space of the semiring S with the inherited operations of the ring 
related to the subring P of Zj. 


These definitions are a matter of routine for they are subset 
set ideal new type of topological spaces of the semiring S. 


We will first illustrate this situation by an example or two. 


Example 4.7: Let 

S = {Collection of all subsets from the ring Z.} be the subset 
semiring of type I of the ring Z>. Let Py = {0, 3} c Ze, be a 
subring of Ze. 


Now we want to find the collection of all subset set ideal of 
S over the subring P, of Ze. 


M = {{0}, {0, 1, 3}, {0, 2}, {3}, {0, 4}, {0, 2, 4}, {0, 2, 1, 
3}, {0, 4, 1, 3}, {0, 2, 4, 1, 3}, {0, 3}, {0, 2, 3}, {0, 4, 3}, {0, 2, 
Be Sho 955. Bt Us ly Ops AU le Bere eos oe 4h, Ale By. (0, 523, 
Ah AO; 5, 362A, Lys 40, Sy 35 A AO 1 553, 25 40, Le Sy Sy 
4}, {1, 3, 5}} cS is a collection of all subset set ideals of 
semiring related to the subring P; of Z¢. 


We have T"= {M’, U, Mm} to be a subset set ideal 


topological semiring space of type I related to the subring P; of 
Zo. 


Let A = {2, 0, 4} and B= {0, 5,3, 4}e T?. 
AUB= {2, 0,4} U {0, 5, 3, 4} = {5, 0, 2, 3, 4} and 
AOB= {0, 2, 4} 7 {0, 5, 3, 4} = {0,4} € T". 


Consider T = {M, U, x}, the special subset set ideal 
topological semiring space of type I related to P) C Z¢. 
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For A = {0, 2, 4} and B = {0, 5, 3, 4} € T? we see 


AUB = {0, 2, 4} U {0, 5, 3, 4} 
= {0,2, 4,5, 3} and 


AxB = {0,4,2} x {0, 5, 3,4} 
= {0, 4, 2} € shee 


We see T"” is different from T.' as topological spaces. 


Consider T’ = {M’, +, A} be the special new set ideal 
subset topological space related to the subring P}. 


Let A = {0, 4, 2} and B = {0, 5, 3, 4}; 
A+B = {0,4, 2} + {0, 5, 3, 4} = {0, 4, 2, 3,5 1} and 
A B= {0, 2, 4} 7 {0, 5, 3, 4} = {0, 4} € Ti. 


We see T" is different from T” and T. as topological 
spaces. 


Now finally take Tj! = {M, +, x} be the subset set ideal 
new topological inherited semiring space related to P,. 


2} + {0, 5, 3, 4} 
2,3, 4, 5} 


andAxB = {0,4, 2} x {0, 5, 3, 4} 
= {0,2,4} € dB 


We see T;' is distinctly different from T", T" and T® as 
topological spaces. 


Thus we see for a given subset subsemiring of the ring we 
have four related subset set ideal new topological special type of 
semiring spaces of the semiring. 
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Example 4.8: Let 
S = {Collection of all subsets from the ring Z(g)} be the subset 
semiring of type I. Let M = 2Z(g) be a subring of Z(g). 


Let P = {Collection of all subsets of semiring set ideals of S 
over the subring M = 2Z(g)} c S is such that the four new 
special subset set ideal topological spaces can be defined on P 
Viz, 1 de I and: Te 


All of them will be of infinite order. 


Example 4.9: Let 
S = {Collection of all subsets from the ring Z3(g); g” = 0} be the 
subset semiring of type I. Take P = Z; the subring of S. 


M = {Collection of all subset set ideals of S over the 
subring Z; of Z3(g)} be the new subset set ideal semiring 


topological spaces T?, T, T? andT related to the subring 
P= Z3. 


We just take A = {0, g, 2g} and 
B= {0, 1, 2, 1+g, 2+2g} < M. 


A+B = {0, g, 2g} + {0, 1, 2, 1+g, 2+2g} 
= {0, gt+1, 2g+1, 2+g, g, 2g, 2+2g, I+g, 1, 2, 2+g} 
€ Mand 


AxB = {0, g, 2g} x {0, 1, 2, 1+g, 2+2g} 
= {0, g, 2g} € se 


= {0, g, 2g} U {0, 1, 2, 1+g, 2+2g} 
= {0, 1, 2, g, 2g, 1+g, 2+2g} and 


A B= {0, g, 2g} 7 {0, 1, 2, 1+g, 2+2g} = {0} € TY. 


T’ and T, are distinctly different as topological spaces. 
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A+B = {0, g, 2g} + {0, 1, 2, g+1, 2+2g} 
{0, g+1, 2g+1, 2+g, g, 2g, 2+2g, 1+g, 1,2, 2+g} 
and 
AQB = {0, 2, 2g} > {0, 1, 2, 1+g, 2+2g} 
={0}e TY. 


Thus T° is different from T! and T, as topological 
spaces. 


Let 
AUB = {0, g, 2g} U {0, 1, 2, 1+g, 2+2g} 
= {0, g, 2g, 1, 2, 1+g, 2+2g} 


andAxB = {0, g, 2g} x {0, 1, 2, 2+2g, 1+g} 
= {0,g, 2g} « Ti. 


T” is different from T*, T? and T? new special type of 
set ideal semiring topological spaces of M cS. 


We see M, = {Collection of all subset set semiring ideals of 
the subring P, = {0, g, 2g} c Z;(g)} is such that T’, T", T® 
and T,' are four distinct new special subset set semiring ideal 
topological spaces related to the subring P. 


This is the way new type of subset set semiring ideal finite 
topological spaces are constructed relative to subrings of the 
ring. 


Example 4.10: Let 

S = {Collection of all subsets from the ring Z.(g) where g’ = g} 
be the subset semiring of type I. Take P = Z, = {0, 1} c Z,(g) 
to be a subring of Z,(g). 


M = {Collection of all set ideals of the subset semiring S 
related to the subring Z,} 
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= {{0}, {0, 1}, {0, g}, {0, 1+g}, {0, 1, g}, (0, 1, 1+g}, {0, 
g, 1+g}, {0, 1, 1+g, g}} is the subset semiring set ideals of S 
over the subset semiring. Infact each subset in M is a set ideal 
of S over Z2 = {0, 1}. 


Now we see T’,T’ , T? and T; are special new subset set 


0%? "UU ? 


semiring ideal topological space of S related to P = {0, 1} = Zp. 


We see 


{0,1,1+g,g} 


{0,1,1+g} 


(0 


{0, {0,1 +g} 


{0} {0} {0} {0} {0} {0} 


This is the tree associated with M. 


However if we wish to get the graph of M it would be 
entirely different. 


{0,1,g, +g} 


{0,1,g} {0,1+g,g} 


AD (tt 
{0} 
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which is also a lattice, which is a Boolean algebra of order 8. 


Suppose we take P; = {0, g} to be the subring of Z,(g). To 
find the collection of all subset set semiring ideals related to P}. 


M, = {{0}, {0, 1, g}, (0, g}, {0, g, 1+g}, {0, 1, g, lt g}} is 
the new special type of subset set semiring ideal topological 


spaces of all the four types T.", T", T" andT,’. 


The tree associated with M, is 


{0,g,1+g,0} 


{0} 


Let P, = {0, 1+g} be the subring of Z,(g). 


Let M> = {Collection of all subset set semiring ideal of S 
associated with P>}. 


M, can be given the four different new special set ideal 
semiring topologies. 


The tree associated with M> = {{0}, {0, 1+g}, {0, 1, 1+}, 
{0, g}, (0, g, I+g}, (0, g, 1, I+ gh} 
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{0,1g,1+g} 


{0} {0} £0} 


Example 4.11: Let 
S = {Collection of all subsets from the ring Z,(g), g” = 0} be the 
subset semiring of type I of the ring Z,(g). 


P, = {0, 2}, P2 = {0, 2g}, P; = {0, 2 + 2g}, Ps = {0, 2, 2g, 
2+2g}, 


Ps = {0, g, 2g, 3g}, Po = {0, 1, 2, 3} and P; = {0, 1+g, 2+2g, 
3+3g} are some of the subrings of Z,(g). 


Related with each of the subring we can build on the 
collection of all subset set semiring ideals special new types of 
topological spaces; 


T, T?, T? and TP for 1<i<7. 


M; = {{0}, {0, 2}, {0, 1, 2}, {0, 3, 2}, {0, 1, 3, 2}, {0, 2g}, 
{0, 2g, 2}, {0, 1, 2g, 2}, {0, 3, 2, 2g}, {0, 1, 3, 2, 2g}, {0, g, 
2g}, {0, 3g, 2g} {0, 1, 3, 3g, 2g}...} related to the subring 
P, = {0, 2}. 


M3 = {{0}, {0, 2}, {0, E 2g}, {0, 2, 2g}, {0,2g}, ie 
related to the subring P, = {0, 2g}. 
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Let P; = {0, g, 2g, 3g} be the subring of Z,4(g); to find the 
collection of all subset set ideals of S relative to Ps. 


Let M; = {Collection of all subset set ideals of S relative to 
the subring Ps} = {{0}, {0, 1, g, 2g, 3g}, {0, 2, 2g}, {0, 2g}, {0, 
3, 3g, 2g}, {0, 3g, 2g}, {0, gt, 10, 3g}, {0, l+g, g, 2g, 3g}, {0, 
2+2, 2g}, {0, 3+3g, 3g, 2g}, {0, 1+2g, g, 2g, 3g}, {0, 2+g, 2g}, 
{0, 3+g, 3g, 2g}, {0, 3g+1, g, 2g, 3g}, ...} is the collection. 


Interested reader can find the trees associated with each of 
the M;’s; 1 <i<7. 


Next we can proceed onto describe type II subset semirings 
of a semiring. 


Example 4.12: Let S = {Collection of all subsets from the 
semiring Z” U {0}} be the subset semiring of type II over the 
semiring Z* U {0}. 


Let T,, TU, Tx and T, be the special new type subset 
topological semiring spaces of type II of S. 


We will show for some A, B eé€ S; the four topological 
spaces T,, TU, T, and T, are distinct. 


Let A = {5, 3, 2, 0, 7} and B = {10, 8, 9, 7, 1,4} € Tp 


3, 0, 7} U {10, 8, 9, 7, 1, 4} 
, 2, 3,4, 5, 7, 8,9, 10} € T, and 


AQB = {5, 2, 3, 0, 7} A {10, 8, 9, 7, 1, 4} 
= {7} € Ty. 


Now take the same A, B € Tu. 


T} U {10, 8, 9, 7, 1, 4} 
,4, 5, 7, 8, 9, 10} © To. 
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But 
AxXB = {5,2, 3,0; 7} x {10, 8, 9, 7, 1,4} 
= {50, 0, 20, 30, 70, 40, 16, 24, 56, 45, 18, 27, 
63, 35, 14, 21, 49, 5, 0, 2, 3, 7, 8, 12, 28} € Tu. 
We see T, and T. are different as topological spaces. 
Let for the same A, B € T, we find A+ Band AB. 
A+B = {5, 2, 3,0, 7} + {10, 8, 9, 7, 1, 4} 
= {10, 8,9, 7, 1, 4, 12, 11, 3, 6, 13, 15, 14, 17, 16} 
é T,. 
AMB = {5, 2,3, 0,7} A {10, 8, 9, 7, 1,4} = {0} € Ty. 


Thus T, is different from T.,, and T, because of the 


operations defined on them. 


Consider A, B € T, we find 


A+B = {0,3,2,5,7} + {1, 4, 8, 7, 9, 10} 
= {1,4,8, 7,9, 10, 11, 12, 13, 6, 14, 15, 16, 17} 
andAxB = {0,3,2,5,7} x {1, 4, 8, 7, 9, 10} 
= {0, 3, 2, 5, 7, 12, 8, 20, 70, 45, 28, 24, 16, 40, 56, 
21, 63, 30, 50, 14, 35, 49, 27, 18}. 


T, is distinctly different from T,, TU and To. 
P, =3Z' U {0} CZ U {0} be the subring Z* U {0}. 


If M, is the collection of all subset set semiring ideals of S 


over P;. We see relative to M; we have the new special type of 
subset set ideal semiring topological spaces relative to P; say 


Tt land 1 


We can show all the four are different. 
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Further each A € M,, is of infinite order. 


Example 4.13: Let S = {Collection of all subsets from the 
semiring 


be the subset semiring of type I over the semiring B. 


We see all the four special types of subset topological 
semiring spaces are of finite order and are different. 


Let A = {a, b, c, 0} and B= {d,e, 0, 1} € T, 


AUB , b,c, 0} U {d, e, 0, 1} 


= {0, 1, a, d, e, b, c} and 


AB = {a,b, c, 0} ~ {d, e, 0, 1} 
= {0} are in Ty. 


T, is the special new type ordinary subset semiring 
topological space of S. 


Let A, B € T, we see 


AUB = {a,b,c, 0} U {d,e, 0, 1} 
= {0, a, b, c, e, d, 1} 


and AxB = {a,b,c, 0} x {d, e, 0, 1} 
= {0, a, b,c, e, d} € Tu 


Clearly T. and T, are different as topological spaces. 
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Let A, B € T, we see 


and AB = {a, b,c, 0} ~ {d, e, 0, 1} 
= {0} € T,. 


We see T, is distinct from T, and Ty as subset topological 
spaces. 


Consider A, B € T,, we see 


A+B = {a,b,c, 0} + {d, e, 0, 1} 
= {0, a, b, e, d, 0, 1, c} 


and AxB = {a,b,c, 0} x {d,e, 0, 1} € T, 
= {0, a, b,c, e, d} € Ty. 


T; is clearly different from all the three spaces T,, T. and 
T,, as subset topological spaces. 


Let us consider P; = {0, a, d, 1} CB, P, is a subsemiring of 
B. 


M, = {Collection of all subsets set ideals of S related to the 
subsemiring P;} 


= {{0}, {0, d}, {0, a, d}, {0, e}, {0, e, a} ...} 
Using each subsemiring of B we can get related four special 


new type subset set ideal topological semiring spaces of type II. 


Example 4.14: Let S = {Collection of all subsets from the 
semiring C9 = 
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be the subset semiring of type I] over the semiring Co. 


S= {{0}, {ar}, ..., fag}, {1}, {0, ar}, ..., {0, ag}, {1, ar} {1, 
agh, ...5 {a1, ao}, {aj, a3} ..., {a7, ag}, ..., {0, 1, ay, ..., ag}} =TEu 
(T, or T, or Ts). 

A= {0, 1, a2, a4, a3, as} and B = {as, ag, a1, O} € To 

We find 


AUB = {0, 1, a2, a4, a3, a6} U {as, ag, a}, 0} 
a {0, A a1, a2, 43, a4, a5, AG, ag} and 


AMB = {0, 1, ag, a4, a3, a6} A {As, ag, a1, O} 
= {0} € Th. 


For A,B € Tu. 


AUB = {0, 1, a2, a4, a3, a6} U {as, ag, a), 0} 
= {0, 1, a1, 42, 43, a4, a5, AG, ag} and 


AxB = {0, 1, a2, 44, 43, ao} U {as, ag, al, 0} 
= {0, a1, a5, ag, a2, a3, a4, ag} €E Tu. 


We see T, and T. are two different topological new type of 
subset semiring spaces of type II. 
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Let A, B € T,, 


A+B = {0, 1, a2, a4, a3, ag} + {as, ag, a1, O} 
= {0, 1, aj, as, ag, az, a3, a4, Ag} and 


AB = {0, 1, ao, a4, a3, Ag} A {as, ag, a1, OF 
= {0} € T,. 


Clearly T, is different from T. and T, as subset topological 
spaces of type II. 


Take A,B € T,; 


A a B = {0, 1, a2, a4, a3, a6} + {as, ag, a}, O} 
= {0, 1, 1, a2, a3, aa, a5, AG, ag} and 


AxB = {0, 1, a2, a4, a3, ac} x {as, ag, ai, OF 
= {0, 1, aj, a5, ag, a2, a6, a3, a4} € Ts. 


We see T, is different from T,, T. and T, as topological 
spaces. 


We can by taking subsemiring P, of Cio we can build 


M, = {Collection of all set ideal semiring related to the 
subsemiring P; of Cio}. 


We can find T”, T™, T™ and T," and all the four set 
ideal subset topological semiring spaces of special new type. 


We see all the four are different as topological spaces. 


Example 4.15: Let S = {Collection of all subsets from the 
semiring L= 
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be the subset semiring of type I. 


BS = {70} tah {bys (6 tds x2 (0,8). © de, 1, oh} 
= T. (T, or T, or T,). 


Take A = {0, 1, c, e, g} and B = {a, b, 0, d, f, g} € Ty. 
We see 


AUB = {0, 1, c, e, g} U {a, b, 0, d, f, g} 
= {0, 1, C, 2, a, b, d, f} and 


AxB = {0, 1,c, e, g} x {a, b, 0, d, f, g} 
= 10, a, b, d, f, g, e, c} € Ty. 


Consider A, B € T,. 


A+B = 


{0, 1, c, e, g} + {a, b, 0, d, f, g} 
=% 


1, e, c, g, a, b, d, f, g} and 


AB = {0, 1, c, e, g} A {a, b, 0, d, f, g} 
= {0, g} are in T,,. 


Clearly T. is different from T,, as topological of type II. 
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Consider A, B € Ty. 


AQB = {0, I, c, e, g} U {a, b, 0, d, f, g} 
= {0, g} and 


AUB = {0, I, c, e, g} U {a, b, 0, d, f, g} 
0, e, c,. 1, g,.a,.b, f}. 


are in To. 


Further T, is different from T_ and T, as topological of type 
Il. 


Now consider A, B ¢€ Ty. 
We see 


AChE = {0, 1, c, e, g} ar {a, b, 0, d, f, g} 
{0, e, c, 1, g, a, b, f} and 


ll 


AxB = {0, 1,c,e, g} x {a, b, 0, d, f, g} 
= {0, a, b, f g, e, c, g} 


are in T, and T, is different from T,, T. and T, as topological of 
type II. 


Hence we have four different special new type of subset 
semiring topological spaces of S. 


Now if we take P; = {0, f, e, g} a subsemiring of the 
semiring and if M; = {Collection of all subsets set semiring 
ideal of S over the semiring P;}; then tT ; 1 d Bg and tT are 
special new type of a set semiring ideal topological spaces of 
Mj. 


We can have as many as subset set ideal semiring 
topological spaces as the number of subsemirings in L of the 
semiring. 
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Example 4.16: Let S = {Collection of all subsets of the 
semiring LS; where L = 


be the subset semiring; clearly S is a non commutative semiring 
of LS3. 


We see T,, TU, T, and T, are the subset special new type of 
topological spaces of S. 


We see if A, B € T, 


say A = {agi + g) + dgs, | + egy, h + igs} and 
B= {bg + g + ig, dg3, h + igs} € T, 


We see 


AUB = {ag + 2 +dg;+ 1+ egy, h+igs} U {bg.+ gt 
igi, dg;, h zD igs} 


= {ag, + g + dg3, 1 + egy, h + igs, bg. + g+ igi, 
dg3} 
and 
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AB = {agi + go + dgs, 1 + egs, h + igs} O {bg2 + g + igi, 
dg3, h + igs} 


= {ht igs} € To. 


We see T, is a commutative new special subset ordinary 
topological semiring space of S. It is easily verified T, is 
always a commutative topological space for A 7 B=BOA 
andAUB=BUA. 


Now consider A, B € Ty. 
AUB = {ag + go + dgs, 1 + eg4, h + igs} U {bg + g + igi, 


dg3, h + igs} 
= {ag; + g + dg;, 1 + egy, h + igs, bgo>+g + igi, dgs} 


and 


AxB = {ag, + go + dg;, 1 + egy, h+ igs} x {bg. +g + igi, 

dg;, h + igs} 

= {(agi + go + dg3) (bg: + g + igi), (agi + go + dgs) 
dgs, (agi + go + igi) (h + igs), (1 + egs) (bg: + g + 
igi), (1 + eg4) dgs, (1 + egs) (h + igs), (h + igs) 
(bg, + g + igl), (h + igs) dgs, (h + igs) (h + igs)} 

= {(agi + go + dgs) (bg: + g + igi), (dgs + dgs + d), 
(agi + go + igi) (h + igs), (1 + egs) (bg2 + g + igs), 
(dg3 + ggi), (1 + ega) (h + igs), (h + igs) (bg: + g 
+ igi) (hg3 + ig2), (h + igs) (h + igs)} see 


are in TL. 
But consider 


BxA = {bg. +g + igi, dg, h+ igs} x {agi + go + dgs, 
1 + egs, h+ igs} 


= {(bg2 + g + igi) x (agi + go + dgs), dg3 (agi + go + 
dg3), (h + igs) (agi + g2 + dg), (bg2 + g + igi) 
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(1 + egs) dg; (1+ egy), (h + igs) (1 + egy), 
(bg: + g + ig;) (h + igs), dg3 (h + igs), 
(h + igs) (h + igs)} 


= {(bg. + g + igi) (agi + go + dg3), (d + dg4 + dgs), 
(h + igs), (agi + go + dg3), (bg. + g + igi) (1 + 
eg,), (h + igs) (1 + eg,) (h + igs) (h + igs), (dg3 + 
£82), (bg2 + g + igi) x (h + igs), (hg; + igi)} ... I 


Clearly I and II are distinct. Thus Ax B4¥Bx A. 


So Ty is not a commutative special new type subset 
topological space semiring space and Ty. is different from T, as 
a topological of type II due to the operations on them. 


New consider T,; let A, B € T, we have 


A+B = {ag, + g + dg3, 1 + egy, h + igs} + {bg. + g + igh, 
dg3, h + igs} 


= {ag, + go + dg; + bg. + g+ ig), l+egy+bg.+¢g 
+ igi, h + igs + bg. + g + igi, agi + go + dg; + dgs, 
1 + eg, + dgs, h + igs + dg3, ag; + go + dg3 +h+ 
igs, 1+ egy th+igs,h+igs +h+ igs} 


= {g+dg,;+ g.+ag), 1+eg,+ bg + igi, h+ igs, 
1+ eg, + igs, ag) + 2 + dg; +h+igs,h+ igs + 
dg3, 1 + eg, + dgs, ag; + go + dg3, igs + bg. + g + 
igi} 


and 


AQB = {ag; + g + dg3, 1 + egs, h+ igs} A {bg + gt 
igi, dg3, h + igs} 


= {h+igs} € T,. 
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Thus T, is different from TU and T, as subset topological 
space. 


Now for A, B € T, we find 


A+B = {agi + go + dg3, 1 + egy, h + igs} + {bg + g + igi, 
dg3, h + igs} 


= {g + dg; + go + agi, 1 + egy + bg + igi, h + igs, 
1 + egy + igs, agi + go + dg; +h+ igs, h + igs 4 
dgs, 1 + eg, + dgs, agi + go + dgs, igs + bg. + g + 
igi} 


and 


AxB = {agi + go + dg3, 1 + egs, h + igs} x {bg. +g + igi, 
dg3, h + igs} 


= {(agi + go + dgs) x (bg, + g + igi), (agi + go + dgs) 
x dg3, (agi + go + dgs) x (h + igs), (1 + egy) x 
(bg. + g + igi), (1 + egy) x dgs, (h + igs) x dgs, 
(agi + go + dgs) x (h + igs), (1 + ega) x (h + igs), 
(h + igs) x (h + igs)} € Ts. 


We see T, is different from T., T, and T, as subset 
topological spaces. 


Further A x B#Bx Ain T,. We have T, and T,, to be two 
non commutative topological spaces and T,, and T, are both 
commutative topological spaces. 


We have seen using this non commutative semirings we 


have two non commutative topological spaces T, and TU. 


Example 4.17: Let S = {Collection of all subsets from the 
semiring R = (L; x L) D295 where 


216 | Subset Semirings 


L, = and L; = 
g 
x Z 

f 
e u WwW 
d 

m 
c 

t 

a b 

Ss 

0 ; . 
0 


be the subset semiring of type II. 


We have all the four topological spaces TU, T,, T, and T; 
and all of the four spaces are distinct but T. and T, are non 
commutative where as T,, and T, are commutative spaces. All 
the four spaces are of finite order. 


Example 4.18: Let S = {Collection of all subsets from the 
semiring ZO {0} U I)S4} be the subset semiring. TU, T., Ta 
and T, are the four topological spaces of S. 


T, and T, are commutative where as T., and T, are non 
commutative. 


Now having seen examples of topological spaces we now 
define new special subset set ideal topological semiring spaces 
over the subsemiring of all the four types. 


Example 4.19: Let S = {Collection of all subsets from the 
semiring R = (Q” UI) U {0}! be the subset semiring. All the 
four topological spaces T,, T., Tx and Ty, are of infinite order 
and all of them are commutative. 
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We see (Z’ U {0}) = P; is a subsemiring of (Q” UI) U {0}. 


M, = {Collection of all set ideals of semiring relative to the 
subsemiring (Z* U {0})) = Py}. 


We see T", T', T.” and T,' are special new type of subset 


set semiring ideal topological spaces relative to P;. All of them 
are of infinite order. 


If we take P, = (2Z7 U {03) < (Q” UTD) vu {0} we get 
another collection of topological spaces. 


Infact we have infinite number of such topological spaces 
all of which are of infinite order. 


Example 4.20: Let S = {Collection of all subsets from the 
semiring LS(5) where L = Boolean algebra of order 16} be the 
subset semiring. T,, TU, T, and T; are all the four distinct 
special subset new topological semiring spaces of type II of S. 


All of them are of finite order but only T. and T, are non 
commutative. 


Now having seen examples of these spaces we just describe 
the notion of strong special new subset topological semiring 
spaces over subset semiring. 


Example 4.21: Let 
S = {Collection of all subsets from the ring Z;} be the subset 
semiring of type I of the ring Ze. 


Take P, = {All subsets from the semiring {0, 2, 4} Cc Z.} = 
{{O}, {2}, {4}, {0, 2}, [0, 4}, {2, 4}, {0, 2, 43} cS. 


Clearly P| is again a subset semiring. 


Now let M; = {Collection of all subset set ideals of S over 
the subset semiring P, of S} 
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O}, 12,4, OF, {0, 2, 4, 3}, {3, 0}, 
{0, 5, 4, 2}, {1, 5, 2, 4, 0}, 
j 


{ 
{0, EA L; 
1 y Oy 25 Ay OE Ts 


4}, 
3 


2 ? 


On M, we can have the four distinct strong special new 
subset semiring set ideal topological spaces T,', T”, T" and 
E, 


Let A = {0, 5, 2, 4} and B = {0, 2, 3,4} € TH. 


AUB = {0,5, 2, 4} U {0, 2, 3, 4} 
= {0, 2, 4, 3, 5} and 
AQB = {0,5, 2,4} 7 {0, 2, 3, 4} 


= {0,2,44 € TH. 


We see T. is a strong special subset set ideal semiring 
topological spaces associated with the subset semiring P). 


Take A,B e T"; 


5, 2, 4} U{0, 2, 3, 4} 
, 2, 4, 3, 5} and 


AxB ={0,5,2,4} x {0,2, 3, 4} 
= {0, 4, 2, 3} arein T”. 


Clearly T" is different from T! as subset set ideal 
semiring topological space. 


Now consider A, B € Ts : 
A+B oa {0, 5, 2, 4} a 10,25 3,4} 


= {0, 1, 4, 3, 2, 5} and 
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AB = (0,5, 2,4} 27 {0, 2, 3, 4} 
=(0,2,4) eT", 


We see T" is different from T" and T" as subset set ideal 
semiring topological spaces. 


Consider A,B € T.'; 


A+B ={0,5,2,4} + {0, 2, 3, 4} 
£0, 1, 2,3, 4, 5} and 


AxB = {0,5, 2,4} x {0, 2, 3, 4} 
= {0,2, 4,3} are in Ti. 


Clearly T' is also different from T", T" and T* as subset 
set ideal semiring topological spaces. 


All the strong set ideal subset special new semiring 
topological spaces over P; are distinct and of finite order. 


With P, = {0, 3} c Zs we can built M2 = {Collection of all 
subsets from the subring P2 = {0, 3} c Ze} = {{0}, {3}, {0, 3}}. 
Associated with M, we have four strong subset set ideal 
semiring topological spaces of P2 given by T””, T” , T” and 


P, 
TP. 


Example 4.22: Let 

S = {Collection of all subsets from the ring Z;(g) where g* = 0} 
be the subset semiring of the ring Z;(g). We see P; = Z; c Z(g) 
is a subring of Z,(g). Let M; = {Collection of all set subsets 
ideal semirings of S over the subring Z7} 


= {{0}, {0, 1, 2, 3, ..., 6}, {0, g, 2g, ..., 6g}, 
{1+g, 2+2g, ..., 6+6g, 0}, ...}. 
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Using M; we can have subset set ideal special strong 
semiring topological spaces T", T" , T® and T'. 


Let A = {0, 1+2g, 2+4, 6+g, 5+2g, 3+4¢, 4+¢, 5+3g, 6+5¢, 
3+6g, 443g, 2+5g, 1+6g} and B = {0, 1, 2,3, 4,5, 6} € he : 


AUB = {0, 142g, 2+4g,6+9,5+2g,3+4g,4+¢, 
5+3g,6+5g,3+6g,2+5g,4+3g,1+6g}U 
{0, 1, 2, 3, 4, 5, 6} 


= {0, 1, 2,3, 4,5, 6, 1+2g,2+4g,6+ 8,5 + 2g, 
3+4¢,4+9,5+3g,6+5g,3+6g,2+ 5g, 
4+ 3g, 1+ 6g} and 


AB = {0, 142g, 2+4g,6+ 2,5+2g,3+4¢,4+, 
5+3g,6+5g,3+6g,2+5g,4+3g,1+ 6g} 7 
{0, 1, 2, 3, 4, 5, 6} 


={O}e TH. 
Consider A, B € T". 


AUB = {0, 142g, 2+4g,6+9,5+22,3+4g,4+g, 
5+3g,6+5g,3+6g,2+5g,4+3g,1+6g}U 
{0, 1, 2, 3, 4, 5, 6} 


= {0, 1, 2, 3, 4, 5, 6, 1+2g,2+ 4g, 6+ g, 5+ 2g, 
3+4g,4+9,5+3g,6+5g,3 + 6g, 2+ 5g, 
4+3g,1+6g} and 


AxB = {0, 142g, 2+4g,6+2,5+2g,3+4g,4+g, 
5+3g,6+5g,3+6g,2+5g,4+3g,1+6g} x 
10).152,3545.95-6} 


= {0,1 +2¢,2+4g,6+¢,5+2¢,3+4g,4+g, 
3g+5,6+5g,3+6g,2+5g,4+3g, 1+ 6g} 
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=Ae Th. 
T." is different from T." as topological spaces. 


LetA,Be T"; 


A+B = {0, 1+2g, 2+4g,6+¢,5+2¢,3+4g,4+g, 
5+3g,6+5g,3+6g,2+5g,4+3g,1+ 6g} + 
{0, 1, 2, 3, 4, 5, 6} 


= {0, 1, 2, 3, 4, 5, 6, g, 2g, 3g, 4g, 5g, 6g, 1+2¢, 
2+4¢,6+¢,5+2¢,3+4¢,4+¢,5+3g,6+ 5g, 
3+ 6g,4+ 3g,2+5g, 1 + 6gh, 2+ 4g, 2+ 2g, 3 
+2¢,4+2¢,6+2g,4+4g,3+3g,5+5g,6+ 6g} 
...} and 


AQB = {0, 142g, 2+4g,6+9,5+2¢,3+4g,4+9,5+ 
3g,6+5g,3+6g,2+5¢g,4+3g,1+ 6g} A 
{0, 1, 2, 3, 4, 5, 6} 
={O}e T2. 


T."” and T" are different as topological spaces from T". 
Consider A, B € T? we can show all the four spaces are 
distinct. 


Example 4.23: Let S = {Collection of all subsets from the Z)>} 
be the subset semiring of type I. 


P,; = {0, 3, 6, 9} < Zi be the subring. W, = {{0}, {3}, {6}, 
{9}, 10, 7 {0, 6}, {0, 9}, {3, OF, {3, DF, 16, 9}, 10, 3, 6}, {0, 
3, 9}, {0, 6, 9}, {3, 6, 9}, {0, 3, 6, 9}} be the subset semiring. 


Let M, = Collection of all subset set semiring ideals of the 
subset semiring over the subset subsemiring W). 
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We can find the four strong special new type subset set 
semiring ideals of S relative to the subset subsemiring W). 


We see i : da , T™ , and Te are 4 different strong 


special subset set semiring ideal topological spaces of S relative 
to W). 

Example 4.24: Let 

S = {Collection of all subsets from the ring Z.S3} be the subset 
semiring of type I. 


P, = {Collection of all subsets from the subring {0, 3}S3} 
be the subset subsemiring of type I. 


P, = {Collection of all subsets from the  subring 
{0, 2, 4}S3} be the subset subsemiring of type I. 


P; = {Collection of all subsets from the subring Z;A3} be 
the subset subsemiring of type I. 


P, = {Collection of all subsets from the subring {0,3}A3} be 
the subset subsemiring of type I. 


P; = {Collection of all subsets from the subring {0,2,4}A;3} 
be the subset subsemiring of type I. 


Ps = {Collection of all subsets from the subring Z;W, where 


i ae Nea | ea re 
= 5 C8318 as Troup O 
PSPS ys BS ee 


be the subset subsemiring of type I. 


P, = {Collection of all subsets from the subring Z;W, where 


lil 2 By 2a 
211 9 3hl3 2 1/7558 
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be the subset subsemiring of type I. 


Ps = {Collection of all subsets from the subring Z>W3 where 


w(t 


be the subset subsemiring of type I. 


P, = {Collection of all subsets from the subring {0, 3}W;,} 
be the subset subsemiring of type I. 


Pio = {Collection of all subsets from the subring {0, 3} W>} 
be the subset subsemiring of type I. 


P,,; = {Collection of all subsets from the subring {0, 3}W3} 
be the subset subsemiring of type I. 


Similarly Pj, Pj3, and P;4 are subset subsemirings of the 
subring {0, 2, 4} Wi; 1= 1, 2, 3. 


Thus we have nearly 14 such subset subsemirings of S. 


Related with each of them we have a special subset set ideal 
semiring topological subspaces of S of the four types as well as 
the strong special new subset set ideal semiring topological 
subspaces over P; of the four types. 


Associated with each of these topological spaces we have a 
tree. 


Study in this direction is not only innovative and interesting 
but has lots of bearing in applications. 


Example 4.25: Let 
S = {Collection of all subsets from the ring R(S(3) x D27 x A4)} 
be the subset semiring of type I. 
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We have several special new subset set semiring ideal 
topological spaces of S over the subrings of S as well as strong 
special new subset set semiring ideal topological spaces of S 
over the subset subsemirings of S. 


We can have infinite number of trees of infinite cardinality 
associated with these spaces. 


Now we proceed onto define and describe the notion of 
subset semiring topological spaces of type II semirings. 


Example 4.26: Let 
S = {Collection of all subsets from the semiring Z” U {0}} be 
the subset semiring of type II. 


We have infinite number of subset subsemiring of S and 
associated with each one of them we have an infinite number of 
subset special set ideal semiring new topological semiring 
spaces of S. We can associate infinite trees with these spaces 
and their subspaces. 


Example 4.27: Let S = {Collection of all subsets from the 
semiring (Q’ UI U {03)} be the subset semiring of type II. S 
has infinite number of subset subsemirings. 


We also have T,, TU, T, and T, the four special subset 
topological semiring spaces of S. 


Let T, = {S’=Su {6}, U, a}, 

TU = {S, v, x}, 

T, = {S’,. 0, +} and 

T; = {S, +, x} be the four special subset topological 
semiring spaces of S. 


Take A = {3 +1, 8I, 0, 4421, 7I+1} and B= {I, 1, 9+T} € 
Ts 


AUB = 341, 81 0, 4421, 711} U {1 1,9+ 3 
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= {3+ 21, 91,1,4 +31, 81+ 1,4+1, 1+ 8, 1,5 +21, 
2+ 71, 12+ 21,9+91,9+T, 13 +3], 81+ 10} 
and 


AB = (34, 81, 0, 4421, 741} 0 {L,1,9+1 
= {b} € To. 


This is the way operations are performed on T,. 

Consider A, B € T,; = {S, vu, x}. 

Now 

A+B = {3 +1, 81,0,4+ 21, 71+ 1} + {,1,9+] 

= {3 + 21, 91,1,4+ 3], 81+ 1,4+1, 1+ 8I, 1, 
5 + 21,2+ 71, 12+ 21,9+ 91, 9 +1, 13 + 3, 
81+ 10! 
and 


AxB = {3+1, 81,0,4+2I, 71+ 1} x {1,1+9+T} 


= {3 +I, 81, 0, 4 + 21, 71 + 1, 41, 81, 61, 27 + 131, 
801, 36 + 241, 9 + 711} are in Ty. 


Clearly T, and T, are two distinct special subset topological 
spaces of the semiring. 


Let A, B € TA = {S', +, a}. 
Now 


ER S37 LS 0442 7144) Hort) 


= {3 + 21, 91, J, 4431, 81+1,4+1 1+ 81, 1, 5+21, 
2+71, 12 + 21, 9+91, 9H, 13431, 81 + 10} and 


AQB = {3+1,81,0,4+2I1, 71+ 1} 0 (1,9+1 
= {d} are in T,. 
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Let A, B e TU={S, v, x}. 

AUB = {3 +I, 81,0,4+2L 71+ 1} U ,1,9+T 
= {3+I, 81, 0, 4+ 2171+ 1, I, 1, 9+1} and 

AxB = ({3+I,81,0,4+2I, 71+ 1} x 1,1,9+B 


= {AI, 81, 0, 61, 81,3 + I, 81, 0,4 + 21, 27+ 13], 
731, 36+ 241,9+ 771} € Tu. 


We see all the four topological spaces T,, TU, T, and T; are 
distinct. 


Example 4.28: Let S = {Collection of all subsets from the 
semiring (Z” U {0}) (gi, g2, g3) where g; =0, g> =g, and g; = 


g3, with gig; = gigi = 0 if i #j, 1 < i,j <3} be the subset semiring 
of type II. 


Let T,, TU, T, and T, be the four new special subset 
semiring topological spaces of S. 


Let A = {0, 2 + g + gi, 4g1 + 5g3} and B = {gp, 4g3, 5g, 
3+2¢, + g3} E Te 


{S'=Svu {o}, U, A}. We now find 


AUB = {0,2+ g + 91, 4g: + 5g3} U {Q, 483, 521, 
3+2g) + g3} 


= {0,2 + 91 + g, 4g1 + 5g3, B 493, 5g1, 3 + 
2g) + g3} and 


AOB= {0,2 + g + gi, 481 + 593} TO {Q2, 493, 521, 
3+2g) + 93} 


=06E Tp. 
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Let A, B € TU = {S, VU, x} we find 


AUB = {0,2 +g + gi, 4g) + 5g3} U {g2, 493, Sai, 
3+2g1 + g3} 


= {0,2 + gi + go, 4g1 + 5g3, go, 4g3, Sg, 34281} 
and 


AxB ={0,2+ 9+ 8), 4g: + 5g3} U {g, 4g3, 521, 
3+2g) + g3} 


= {0, 38, 823, 2083, 10g), 6+ 2g) als 2¢3} E Ts 


We see T, and Ty are different types of topological spaces 
of the subset semiring S. 


Let A, B e T,= {S’=S vu {6}, +, a} we find 
A+ B= {0,2+ go + gi, 481 + 5g3} + {g2, 4g3, 5g1, 3+2g1 + g3} 


= {0, 4g3, 5g1, 3 + 2g) + g3,2 + gi + 2g0,2+ 91 + B + 4g, 
6g, +2 + go, 5+ 3g) + go + g3, 481 + Bo + 5g3, 9g3 + 4g), 
9g, + 5g3, 3 + 6g, + 6g3} and 


AB = {0,2+ 9) + 81, 481 + 5g3} A {g>, 483, 521, 
3+2g) + g3} 


= ¢ are in T,. 


We see T, is distinct from T, and Ty as subset topological 
spaces. 


Now let A, B € T, = {S, +, x} 
A+B 


= {0,2 + go + gi, 4g) + 593} + { go, 4g3, 5g1, 342g) + g3} 
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= {22, 4g3, 5g1, 3 + 2g) + g3, 2 + gi + 2go, 2 + gi + gy + 4g3, 
6g, +2 + g,5+ 3g) + 2 + g3, 481 + B + 53, 9g3 + 4g), 
9gi + 5g3, 3 + 5gi + 6g3} 


and 

AxB 

= {0,2 + 95+ g), 4g1 + 5g3} x {g2, 4g3, 5g1, 342g) + g3} 

= {0, 3g0, 9g3, 20g3, 10g1, 6 + 7g1 + 3g2 + 2gs, 12g: + 20g3} 
are in T,. 


We see T, is distinctly different from TU, T, and T, as 
topological subset spaces. 


Thus T,;, T,, TU and T, are four distinct special new subset 
semiring topological spaces of S. 


Further we have subspaces of these four topological spaces. 


We also have the special set ideal semiring subset new type 
topological semiring spaces related to subset subsemirings. 


For we have infinite number of subset subsemiring; 
T; = {S" U {ob}; U, A} where S" = {all subsets of the 
subsemiring nZ U {0}} as n varies in Z’ \ {1}. 


Thus we have infinite number of special new subset set 
semiring ideal topological semiring spaces over the subset 


subsemirings S" of the four types T’, T., T* and T.. 


Apart from this also we have infinite collection of spaces 
associated with the subset subsemirings 


S"(gi) = {Collection of all subsets from the subsemiring 
(nZ" U {0}) (g1)); n € Z"\ {13}, 


S"(g2)= {Collection of all subsets from the subsemiring 


(nZ" U {0}) (g))}. 


New Subset Special Type of Topological Spaces | 229 


S"(g3) = {Collection of all subsets from the subsemiring 
(nZ’ U {03) (g3);n € Z’ \ {1} be subset 
subsemirings of S. 


Likewise S"(gi, 22), S"(gi, 83), S"(g2, g3) and S"(gi, g2, gs) 
give way to infinite collection of all subset subsemirings. 


Associated with these subset subsemirings we have an 
infinite collection of the four types of new type of special subset 
set ideal topological semiring spaces of TU, T,, T, and Ts. 


Now related with these subset set semiring ideal topological 
semiring subspaces of the topological spaces we have trees 
associated with them. 

Example 4.29: Let S = {Collection of all subsets from the 


semiring L where 
1 


be the subset semiring. 


We have T,, TU, T, and T, to be the four topological spaces. 
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We have also subspaces but only finite in number. Further 


all the spaces T,, T., T, and T, have finite trees associated with 
them. 


Take S; = {Collection of all subsets from the sublattice P, = 


C S is a subset subsemiring. T”, T", T!' and T,' are all special 
new type subset set semiring ideal topological subspaces of the 
space TU, T,, T, and T, respectively. 


Consider S, = {Collection of all subsets from the sublattice 
(subsemiring) P, = 


o KF GF 


be the subset subsemiring of S. 
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TT”, T? andTS are the subset special new set semiring 


ideal topological semiring subspaces of the subset subsemiring 
space S, of T,, TU, T, and T, respectively. 


However we have only a finite number of such spaces as S 
has only a finite number of elements in it. 


Take A = {a, b, f, h, 0} and 
B= {1,d,k, g,j} eT, = {S’,U, om}. 


We find 


AUB = fa, b, f, h, 0} U{l, d, k, g, j} 
= {a, b, f, h, 0, 1, d, k, g, J} and 


ANB = {a,b, fh, 0} U{L dk, g, j} 
=odeET). 


Now let A, B e TU = {S, vu, x}. 


AUB = fa, b, f, h, 0} U{], d, k, g, j} 
= {a, b, f, h, 0, 1, d, k, g, j} and 
AxB , 0} x {I, d, k, g, j} 


, 0, d, k, g,j} is in TU. 
We see T, and T. are two different topological spaces. 
Now consider A, B ¢€ Ty. 


A+B = {a,b, f, h, 0} + {I, d, k, g, j} 
= {l,a,b,d,k, e, g,j, f } and 


AxB =AUB= {a,b,fh, 0} x {dk gj} 
= {a, b, f, h, 0, d, k, g, j} © Ts. 


We see T, is different from T, and T.. 
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Let A,B eT, = {S'=Su {6}, 4,9} 


A+B ={a,b, fh, 0} + {dk g,j} 
={lab,dike,g,j,f} and 


ANB=AUB= fa, b, f, h, 0} > {]I, d, k, g, j} 
= oareinT,. 


We see T, is different from T., T, and T, as topological 
spaces. 


We see in all the four spaces A x B = B x A, hence all the 
spaces are commutative. 


Example 4.30: Let 


S = {Collection of all subsets from the semiring LS; where L is 
lattice which is as follows: 


be the subset semiring of finite order. 


Clearly S is non commutative. 


: 1 2 3 1 2 3 12 3 
For if A= +a +d . 
23 1 2: 1: 3 1 3 2 
1 2 3 1 2 3 
e ,¢ and 
23 1 3 2 1 
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23 1 3 2 1 
1 2 3 1 2 3 1 2 3 
d »f ,€ 
2: 1-3 2» 3. 4 3 2-1 
1 2 3 1 2 3 1 2 3 
= a +a + 
23 1 1 2. 3 2 1 3 
1 2 3 12 3 1 2 3 1 2 3 
d se + +d : 
13 2 23 1 1 2 3 2 | 3 
lL 2. 3 1 2 3 22-73 
+c + : - 
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me N 
ies) 
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23 1 LS 2 


Consider 
2 3 1 1 
ae Jf 
2 3 2 


nee {i 
ea 4 vale 


Ww N 
me WW 
ae 
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if 
“{ 
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NO — 


— 


—_ 


2 
1 


Jl: 
Ny id 
Us 3 
es 


andsoon | ES. 


AxB#BxAinS. 


Thus S is a subset semiring which is non commutative so 
the spaces Ty and T, are non commutative. 


We can get only finite number of subset subsemirings and 
their associated subset special new set semiring ideal 
topological semiring spaces of the subset subsemirings. 
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Example 4.31: Let S = {Collection of all subsets form the 
semiring (L; x L2)D27 where L; is a Boolean algebra of order 16 
and L, is a chain lattice C\.} be the subset semiring of finite 
order which is non commutative. S has subset special new 
topological subspaces of 4 types of which TL and T, are non 
commutative. 


Example 4.32: Let S = {Collection of all subsets from the 
semiring LS(3) where L = 


be the subset semiring of finite order. 


We have only finite number of subset special new type of 
topological subset semirings of which T, and Ty are non 
commutative spaces of S. 


THEOREM 4.1: Let S be a collection of all subsets of ring 
(semiring R,). S be the subset semiring of type I (or type Il). S 
is non commutative if and only if the ring R (or semiring Rj) is 
non commutative. 


Proof is direct and hence left as an exercise to the reader. 
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Corollary 4.1: The new special subset semiring topological 
spaces T,, and T, is non commutative if and only if S is non 
commutative. 


The proof of this corollary is also direct and hence left for 
the reader to prove. 


Example 4.33: Let S = {Collection of all subsets of the 
semiring V = (L; x Lz) (Dog x Ag)} be the subset semiring 
which is of finite order and non commutative. 


Take P; = (L; x {0}) ({1} x Ace) c V = (Li x La) (Dag x Aco) 
to be a subsemiring of V. 


W, = {Collection of all subsets from subsemiring P;} CS is 
a subset subsemiring. T™ , Ts , Bi and a are the special 
new strong subset set semiring ideal topological spaces over the 
subset subsemiring W}. 


T.”' and T.™ are non commutative but of finite order. 


W, is also associated with special new subset set ideal 
semiring topological spaces over the subsemiring P, of finite 
order. 


They are T', T!', T.” and T®. Compare and study T” 


with T”' and so on. 


Example 4.34: Let S = {Collection of all subsets from the 
semiring W = (Z’ U {0}) (Sq x D5)} be the subset semiring of 
type II. 


Take P, = {(tZ” U {0}) (Sq x Dos)} CS; t € Z" \ {1} be the 
collection of all subsemirings of W. 


Let V; = {Collection of all subsets of the subsemiring P;}; 
t € Z’ \ {1} be the subset subsemiring of S. 
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T", T.”, T” and T® are the special subset new type of set 


ideal semiring topological spaces of S over the subsemiring P,; 
te Z"\ {1}. 


T™, T, T™ and T™ are strong special subset new type 
set ideal semiring topological space of S over the subset 
subsemiring W, of S. 


We see we have an infinite collection of topological spaces 
all of infinite order. 


Example 4.35: Let 


S = {Collection of all subsets from the semiring L} be the 
subset semiring of type II where L = 


1 


0 


S= (Os, tly, tay, tbs, 10, 15, 10, af, 10, bs, ta, by, 10, 1 as, 
{0, 1, b}, {0, a, b}, {1, a, b}, {1, a, b, OF}. 


T,, T., TU and T, are the four different topological spaces of 
S. 
Let A = {0, 1, b} and B= {a} € T;. 


A+B = {0, 1, b} + {a} 
= {a, 1} and 


AxB = {0, 1, b} + {a} 
= {a, 0} € T;. 


For A, B e TU = {S, vu, x} 
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AUB = {0, 1, b} U {a} 
= {0, 1, a, b} and 
A x B= {0, 1, b} x {a} = {0, a} © Tu. 
T, and Tv are different as topological spaces. 


For A, B e T,= {S’=S vu {6}, a, +} we see 


A+ B= {0, 1, b} + {a} = {1, a} and 
AQB = {0, 1, b} + {a} =o € T,. 


T, is different from T, and TL as topological spaces. 
Let A,B € T, 

A UB= {0, 1, b} U {a} = {0, 1, a, b} and 

A OB= {0, 1, b} A {a} = {o} © Ty. 


T, is different from T_, T, and T, as topological spaces. 


Now 


{0,1,b,a} 


{0} cya} ts (13 py {0} 


We can draw the trees of T., T,, T, and T, in more than one 
way. 


Also using the subsemiring P = {a, 1}, find the special types 
of set ideal semiring topological subset semiring spaces over P. 
T,, T?, T’ and TY are subspaces of T,, T,, Tu and T,. 


We suggest the following problems. 
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Problems 


1. 


Study the four different T,, T., T, and T, special subset 
topological semiring spaces of type I and compare them. 


Let S = {Collection of all subsets from the ring Z4} be the 
subset semiring of type I. 


(i) Find the o(T,), o(TU), o(T,) and o(T;). 
(ii) Compare them and show all the four spaces 
and different. 


Let S = {Collection of all subsets from the ring C(Z4)} be 
the subset semiring of type I. 


(i) Study question (i) and (ii) of problem two for this S. 
(ii) Compare S, and S. 

(iii) Is S cS? 

(iv) Is T, c Ty ? 


Let S = {Collection of all subsets from the ring (Z U I)} be 
the subset semiring of (Z U I). 


(i) Find T,, TU, T, and T, and prove all the four subset 
topological semiring type I spaces are different. 


(ii) Find subset topological semiring type I subspaces of S. 


Let S; = {Collection of all subsets from the ring (R U J) (g) 
where g” = 0} be the subset semiring of type I. 


Study questions (i) to (ii) of problem 4 for this S;. 
Compare S of problem 4 and S, of problem 5. 


Let S = {Collection of all subsets from the ring 
R = C(Z2) x Ze (1, 22, 23) Where gy = 0, g5 = go and 
g, =~—g;3! be the subset semiring of type I of the ring R. 


10. 
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(i) Find T,, Tu, Ta and T, . 


(11) Find all new subset special topological type I semiring 
subspaces of T,, T., T,~ and Ts, 


Let S3; = {Collection of all subsets from the ring 
(Zs U IT) x C(Ze) x C(Ze U I))} be the subset semiring of 
type I. 


Study questions (1) to (ii) of problem 6 for this S3. 


Let S = {Collection of all subsets from the ring QS;} be the 
subset semiring. 


(i) Find T,, TU, T, and T, of S. 
(ii) Find all the subset topological subspaces of To, TU, TA 
and T, of S. 


Let S = {Collection of all subsets from the ring Z3 x Z)6} be 
the subset semiring of type I. 


(i) Find T,, Tu, Ts and T;. 

(11) Find o(TV). 

(iii) Find all subrings of Z3 x Ze. 

(iv) If P; are subrings of Z3 x Zi6 (say i=1, 2, ..., n) find T* ; 
T", T? and Tf for 1 <i<n, the set ideal subset 
semiring topological spaces of S. 

(v) Find o( T® ). 

(vi) Will o(T.) = 0( T® ) for some i? 

(vii) Find all subspaces of T,, TU, T, and T,. 


(viii) Which of the topological spaces T, (or Ty or T, or Ts) 
has maximum number of subspaces? 


Let S = {Collection of all subsets from the ring R = Z; x Zs 
x Z7} be the subset semiring of type I of the ring R. 


Study questions (1) to (viii) of problem 9 for this S. 
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. Let S,; = {Collection of all subsets from the ring 


R = (Zi. UD (g) g” = 0} be the subset semiring of type I of 
the ring R. 


(i) Study questions (i) to (viii) of problem 9 for this S. 


(ii) If in (Z)2 U I) (g) is replaced by Z; 
study questions (i) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets from the ring Z3S;} be the 


subset semiring of type I of the ring Z;3S3. 


Study questions (1) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets from the ring C(Z,,;)} be 


the subset semiring of type I of the ring C(Z},). 


Study questions (1) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets from the ring 


R = C(Z)2) x (Z; U I)} be the subset semiring of type I for 
the ring R. 


Study questions (1) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets from the ring 


R= C(Zj5)So} be the subset semiring of type I of the ring R. 


Study questions (i) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets from the ring 


R=C((Zig UD) (S3 x D29)} be the subset semiring of type I 
of R. 


Study questions (1) to (viii) of problem 9 for this S. 


. Let S = {Collection of all subsets of the ring Z29} be the 


subset semiring of type I of the ring Zo. 


20. 


21. 


22. 
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(i) Find the subset set ideals of S related to the subring M, 
of P; = {0, 5, 10, 15} 

(11) Find the tree associated with P}. 

(iii) Let P2 = {0, 2, 4, ..., 18} C Zoo be the subring of Zp. 
Let M2 = {Collection of all subset set ideals of S related 
to Py}. Find T?,T”, T? and T? of Mo. 

(iv) Find the tree associated with Mb. 

(v) If P2 is replaced by P3 = {0, 10} € Zo study TS? , T® , 
T,> and T®. Find the tree of T°. 

(vi) Compare the trees of each P;’s. 


. Let S = {Collection of all subsets of the ring Z).S3} be the 


subset semiring of type I. 


Study questions (1) to (vi) of problem 17 for this S. 


. Let S = {Collection of all subsets of the ring 


R = (Zz x Ze) (D29)} be the subset semiring of type I . 
Study questions (1) to (vi) of problem 17 for this S. 


Let S = {Collection of all subsets of the ring 
R = Zip (S4 x D27)} be the subset semiring of type I. 


Study questions (1) to (vi) of problem 17 for this S. 


Let S = {Collection of all subsets from the ring Z(gi, g») 
with g/=0, g> = >, 218 = gog1 = 0} be the subset semiring 
of type I. 


(i) Show S has infinite collection of subset set semiring 
ideals and related to each of them; we have four strong 
subset strong set semiring ideal topological spaces. 

(ii) Find FU, F,, F, and F, for this S. 


Obtain some special features enjoyed by the four spaces Ty, 
T,, T, and T, of any subset semiring S of type I of a ring. 
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23. 


24. 


25. 


26. 


Let S = {Collection of all subsets from the ring Z5} be the 
subset semiring of type I. 


(i) Find all subrings of Z)s. 

(ii) Find all subset subsemirings of S. 

(iii) Find all special new subset set ideals semiring 
topologies of S related to the subring of Z;. 

(iv) Find all strong special new subset set ideal semiring 
topologies of the subset semirings of S. 

(v) Find for the subset subsemiring M, = {Collection of all 
subsets of the subring P; = {0, 4, 8}} find T™”, T™, 


oO 


T™ and T2". Find subspaces of these four spaces. 


Let S = {Collection of all subsets of the ring C(Zjs)} be the 
subset semiring of C(Z)s). 


(i) Study problems (i) to (iv) of problem 23 for this S. 

(ii) Let P; = Z)g be the subring of C(Z)s). M = {Collection 
of all subsets of the subring P,} be the subset 
subsemiring of S. 


Find T™, T, T™ and T2" and compare them. 


Let S = {Collection of all subsets from the ring of 
C(Z, U I))} be the subset semiring of type I. 


(i) Study problems (i) to (iv) of problem 23 for this S. 

(ii) Find all subset semirings of S. Using each of these 
subset subsemirings build the related special strong 
subset set semiring ideal topological semiring spaces of 
the subset subsemiring. 


Let S = {Collection of all subsets from the ring 
Zi2 x (Z; U I)} be the subset semiring of type I over 
Zi2 x (Zy U I). 


(i) Study questions (i) to (iv) of problem 24 for this S. 
(ii) Find all subset subsemirings of S. 


27. 


28. 


29. 
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Relative to each of these subset subsemiring we associate a 
strong new special subset set semiring ideal topological 
semiring space relative to each subset subsemiring of S. 


Let S = {Collection of all subsets of the ring 
Zo x (C (Zs) U I)S3} be the subset semiring of type I. 


(i) Show S is non commutative. 
(11) Study questions (i) to (ii) of problem 24 for this S. 
(iii) Find all subset subsemirings of S. 


Find all strong special new set semiring ideal subset 
topological spaces relative to each of the subset 
subsemirings. 


Let S = {Collection of all subsets from the ring 
C((Z15 U TD) (S3 x Doo)} be the subset semiring of type I. 


(1) Study questions (i) to (iv) of problem 23 for this S. 

(ii) Prove S is non commutative. 

(iii) Find all subset subsemiring of S. Relative with each of 
these subset semirings find the subset special strong set 
ideal semiring topological spaces over the subset 
subsemirings. 


Let S = {Collection of all subsets from the ring 
C((Z49 U I) Ag} be the subset semiring of type I. 


(1) Study questions (i) to (iv) of problem 23 for this S. 

(11) Prove S is non commutative. 

(iii) How many subset subsemiring of S exist? 

(iv) With each of the subset subsemirings find the strong 
new subset set semiring ideal topological spaces over 
the subset subsemiring. 

(v) How many subrings of C((Z4o U I)) exist? 

(vi) Find all the subset special new set semiring ideal 
topological spaces associated with each of the subrings. 
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30. 


31. 


32. 


33 


34. 


35. 


36. 


Let S = {Collection of all subsets from the ring Z(g), go); 
g>=0, 25 = 223 2182 = 281 = 0} be the subset semiring. 


Study questions (i) to (vi) of problem 29 for this S. 


Let S = {Collection of all subsets from the ring 
C(Zi2 V 1)(gi,82) where g/=0, g) = g2 and gig> = gi = 0} 
be the subset semiring of type I. 


Study questions (1) to (vi) of problem 29 for this S. 


Let S = {Collection of all subsets of the ring C((Z» U I))S4} 
be the subset semiring of type I. 


Study questions (i) to (vi) of problem 29 for this S. 


. Let S = {Collection of all subsets of the ring 


C(Z\4) Aq x Dz7} be the subset semiring of type I. 
Study questions (i) to (vi) of problem 29 for this S. 


Let S = {Collection of all subsets from the ring 
(Z4 x C(Z6)) (D256 x S4)} be the subset semiring of type I. 


Study questions (i) to (vi) of problem 29 for this S. 


Let S = {Collection of all subsets from the ring 
C((Z5 U I)) S7} be the subset semiring of type I. 


Study questions (i) to (vi) of problem 29 for this S. 


Let S = {Collection of all subsets from the ring C(Z,)} be 
the subset semiring of type I. 


(i) Find all special new subset semiring topological spaces 
and the subspaces. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


New Subset Special Type of Topological Spaces | 247 


Let S = {Collection of all subsets from the ring 
C((Z;; U T))} be the subset semiring of type I. 


Study question (i) of problem 36 for this S. 


Let S = {Collection of all subsets from the semiring 

Z’ U {03} be the subset semiring of type II. 

(1) Find all subset subsemirings of S. 

(ii) Is S a S-subset semiring? 

(111) Can S contain subset semiring ideals? 

(iv) Can S have subset S-semiring ideals? 

(v) Study the four types of topological spaces associated 
with S; T,, TU, T, and T,. 


Let S = {Collection of all subsets of the semiring 
(Q’ ULL {0})} be the subset semiring. 


Study questions (i) to (v) of problem 38 for this S. 


Let S = {Collection of all subsets from the semiring 
(Z" U {0}) (gi, g2) where g =0, g5 = g>} be the subset 
semiring. 


Study questions (1) to (v) of problem 38 for this S. 


Let S = {Collection of all subsets from the semiring 
(Z* U {0}) Sy! be the subset semiring. 


Study questions (1) to (v) of problem 38 for this S. 


Collection of all subsets from the semiring 
((Q* ULV {03) S(4) be the subset semiring. 


Study questions (1) to (v) of problem 38 for this S. 


Let S = {Collection of all subsets from the semiring L = 
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45. 


be the subset semiring. 

(i) Find o(S). 

(11) Is S a Smarandache subset semiring? 

(111) Find all subset subsemirings of S. 

(iv) Can S have special new subset set semiring ideal of 


finite order? 


Let S = {Collection of all subsets from the semiring LA; 
where L is the lattice 
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be the subset semiring. 
Study questions (1) to (iv) of problem 44 for this S. 


46. Let S = {Collection of all subsets from the semiring 
L(D27 x Ay) where L is a lattice given by 


1 


ay a3 
a6 ey a4 
a7 
ag 
Ag 
a10 > ai 
0 
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47. 


48. 


49. 


50. 


be the subset semiring. 
Study questions (i) to (iv) of problem 44 for this S. 


Let S = {Collection of all subsets from the semiring 
(L; x L2) (D259 x Ao)} be the subset semiring of type II. 


Study questions (1) to (iv) of problem 44 for this S. 


Let S = {Collection of all subsets from the semiring 

L(gi, 22) = {ar + agi + ago | aie L; 1 <i<3; g7 =g1, 
g5 = 0, gig2 = gg; = 0}; where L is a Boolean algebra of 
order 16} be the subset semiring. 


Study questions (1) to (iv) of problem 44 for this S. 


Let S = {Collection of all subsets from the semiring 
(R’ UI) U {03} be the subset semiring. 


(i) Show S has infinite number of subset subsemirings. 

(ii) Show S has infinite number of special new subset 
topological subspaces of the four types of spaces 
T,, TU, T, and Ts. 

(iii) Show S has infinite number of special new subset 
set semiring ideal topological subspaces relative to 
the subset subsemirings of S. 

(iv) Find subspaces of the above said spaces in (ii) 

(v) Show S has infinite number of strong special new 
subset set ideal semiring topological spaces over the 
subset subsemirings. 

(vi) Find strong topological subspaces of the spaces 
mentioned in (v). 


Let S = {Collection of all subsets from the semiring 
(Z* U {0})S3} be the subset semiring of type II. 


(i) Study questions (i) to (vi) of problem 49 for this S. 
(ii) Show S is non commutative. 
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51. Let S = {Collection of all subsets from the semiring 
((R° UT) U {0}) (S7 x Das)} be the subset semiring of 
type II. 


(i) Study questions (i) to (vi) of problem 49 for this S. 
(ii) Prove S is non commutative. 


(iii) Find all the non commutative subspaces of S. 


52. Let S = {Collection of all subsets from the semiring 
(Z* U {03) (S7 x D24)} be the subset semiring. 


(1) Prove S is non commutative. 
(11) Study questions (i) to (vi) of problem 49 for this S. 


53. Let S = {Collection of all subsets from the semiring 
(L; x Lz) (S3 x S(4))} where 


L,= 


be the subset semiring. 
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54. 


55. 


56. 


57. 


(i) Prove S is anon commutative subset semiring. 
(ii) Find all subset subsemirings of S. 


(iii) Find all types of subset special new topological 
semiring spaces of S. 


(iv) Find all four types of special strong new topological 
set semiring ideal spaces of S related to every 
subset subsemirings. 


(v) Find all special strong new topological set semiring 
ideal subspaces of S related to every subset 
subsemiring of S. 


(vi) Find the total number of subset topological subspaces 
of T,, TU, T, and Ty. 


Find some interesting and distinct features associated with 
the four types of topological spaces T,, TU, T, and T;. 


What can one say about the non commutative new special 
set ideal semiring topological subset semiring spaces? 


Compare the topological spaces associated with type I 
subset semirings with the type II subset semirings. 


Let S = {Collection of all subsets from the semiring 
L(S(3) x Aq x D27)} be the subset semiring of type I] where 
L is a lattice given in the following: 
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Study questions (i) to (vi) of problem 53 for this S. 


58. Let S = {Collection of all subsets from the semiring 
(L; x L, x L3) (As x D27)} be the subset semiring of type I 
where L; is a chain lattice Cro, Ly is a Boolean algebra of 
order 32 and L3 = 
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1 

b; b» 
b; 

bs by 
be 

b; bg 
bs 

bio bi 

0 


Study questions (1) to (vi) of problem 53 for this S. 


FURTHER READING 


Birkhoff. G, Lattice theory, 2"? Edition, Amer-Math Soc. 
Providence RI 1948. 


Birkhoff. G., and Maclane, S.S., 4 Brief Survey of Modern 
Algebra, New York, The Macmillan and Co. (1965). 


Bruck, R.H., A Survey of binary systems, Berlin Springer 
Verlag, (1958). 


Castillo, J., The Smarandache Semigroup, International 
Conference on Combinatorial Methods in Mathematics, II 
Meeting of the project 'Algebra, Geometria e Combinatoria’, 
Faculdade de Ciencias da Universidade do Porto, Portugal, 9-11 
July 1998. 


Padilla, R., Smarandache Algebraic Structures, Smarandache 
Notions Journal, USA, Vol.9, No. 1-2, 36-38, (1998). 


R.Lidl and G. Pilz, Applied Abstract Algebra, Springer Verlag, 
(1984). 


Smarandache, Florentin, Neutrosophic Logic, A Generalization 
of the Fuzzy Logic, 
http://gallup.unm.edu/~smarandache/NeutLog.txt 


Smarandache, Florentin, Neutrosophic Set, A Generalization of 
the Fuzzy Set, http://gallup.unm.edu/~smarandache/NeutSet.txt 


Smarandache, Florentin, Special Algebraic Structures, in 
Collected Papers III, Abaddaba, Oradea, 78-81, 2000. 


BeatriceGloria_personal library 


256 | Subset Semirings 


10. 


11. 


12: 


13. 


14. 


LD: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Smarandache. F. (editor), Proceedings of the First International 
Conference on Neutrosophy, Neutrosophic Probability and 
Statistics, Univ. of New Mexico-Gallup, 2001. 


Vasantha Kandasamy, W.B., Linear Algebra and Smarandache 
Linear Algebra, Bookman Publishing, US, 2003. 


Vasantha Kandasamy, W.B., Smarandache Rings, American 
Research Press, Rehoboth, 2002. 


Vasantha Kandasamy, W.B., Smarandache Semigroups, 
American Research Press, Rehoboth, 2002. 


Vasantha Kandasamy, W.B., Smarandache  Semirings, 
Semifields and Semivector spaces, American Research Press, 
Rehoboth, 2002. 


Vasantha Kandasamy, W.B., and Smarandache, Florentin, 
Fuzzy Interval Matrices, Neutrosophic Interval Matrices and 
their Applications, Hexis, Phoenix, 2006. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, 
Neutrosophic Rings, Hexis, Arizona, 2006. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Set 
Linear Algebra and Set Fuzzy Linear Algebra, InfoLearnQuest, 
Phoenix, 2008. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Finite 
Neutrosophic Complex Numbers, Zip Publishing, Ohio, 2011. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Dual 
Numbers, Zip Publishing, Ohio, 2012. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, 
Natural Product x, on matrices, Zip Publishing, Ohio, 2012. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Quasi 
Set Topological Vector Subspaces, Educational Publisher Inc, 
Ohio, 2012. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Set 
Ideal Topological Spaces, Zip Publishing, Ohio, 2012. 


23. 


24. 


25% 


26. 


Further Reading | 257 


Vasantha Kandasamy, W.B. and Florentin Smarandache, 
Special dual like numbers and lattices, Zip Publishing, Ohio, 
2012. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, 
Special quasi dual numbers and groupoids, Zip Publishing, 
Ohio, 2012. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, 
Algebraic Structures using Subsets, Educational Publisher Inc, 
Ohio, 2013. 


Vasantha Kandasamy, W.B. and Florentin Smarandache, Subset 
Polynomial Semirings and Subset Matrix Semirings, 
Educational Publisher Inc, Ohio, 2013. 


INDEX 


D 

Distributive lattices, 7 
F 

Finite semirings, 7 

N 


New type of subset special type of subset topological semiring 
type I space, 189-197 
New type special topological semiring type I inherited 
operations of ring or semiring spaces of S, 189-196 


O 
Ordinary subset topological semiring space of type I, 187-195 
S 


Smarandache semirings, 7 

Smarandache subset semiring, 20-5 

Special set ideal semiring topological subset semiring spaces, 
7-8, 189-245 


Index | 259 


Special strong new set semiring ideal topological subset 
semiring spaces, 7-8, 189-248 
Strong special subset ideal semiring topological spaces 
associated with a subset semiring, 189-248 
Subset idempotents,7-80 
Subset interval idempotents, 49-57 
Subset interval matrix semiring of type I, 49-70 
Subset interval matrix semiring of type II, 120-9 
Subset interval polynomial semiring of type I, 70-85 
Subset interval polynomial semiring of type II, 140-9 
Subset interval semiring ideal, 48-57 
Subset interval semiring of type I, 47-55 
Subset interval subsemirings, 48-56 
Subset interval units, 49-56 
Subset interval zero divisors, 49-58 
Subset nilpotents, 7-80 
Subset polynomial neutrosophic semiring, 16-9 
Subset semiring ideals, 15-25 
Subset semiring of finite dual numbers, 14-8 
Subset semirings of type I, 7-18 
Subset semirings of type II, 7-8, 99-120 
Subset semirings, 7 
Subset set ideal topological semiring spaces over a subring 
(subsemiring), 189-240 
Subset subsemirings, 15-25 
Subset units, 7-80 
Subset zero divisors, 7-80 


T 


Topological spaces tree of finite order, 189-249 


